Harmonic Oscillator
What is a Harmonic Oscillator?

When a body oscillates about its location along a linear straight line under
the influence of a force that is pointed towards the mean location, and is
proportional to the displacement at any moment from this location, the
motion of the body is considered to be simple harmonic, and the swinging
body is known as a linear harmonic oscillator or simple harmonic
oscillator. This form of oscillation is the best example of periodic motion.

A harmonic oscillator in classical physics is a body that is being exerted by
a restoring force proportional to its displacement from its equilibrium
location.
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In the case of motion in one dimension,

F=—kx

Hooke’s law is generally applied to real springs for small displacements;
the restoring force is usually proportional to the displacement
(compression or stretching) from the equilibrium position.

Simple Harmonic Oscillator

A simple harmonic oscillator is a type of oscillator that is either damped or
driven. It generally consists of a mass’ m’, where a lone force ‘F’ pulls the
mass in the trajectory of the point x = 0, and relies only on the position ‘x’
of the body and a constant k. The Balance of forces is,

F =ma
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Solving the differential equation, the function that describes the motion is,

l(x(t)=Acos((ot+(p))

The motion is periodic, recurring itself in a sinusoidal fashion with fixed
amplitude ‘A’. The movement of simple harmonic oscillators is
characterised by its period

T = 2m/w , the time for one oscillation or its frequency

f=1/T

, cycles per unit time. The location at a given time ‘t” also relies on the
phase @, which decides the beginning point of the sine wave. The frequency
and period are determined by the dimensions of the mass ‘m’ and the
constant ‘k’. The phase and amplitude are determined by the velocity and
starting position. The acceleration and velocity of a simple harmonic
oscillator periodically change with the identical frequency as the position,
with shifted phases. Interestingly, the velocity is highest for zero
displacements, and the acceleration is in the opposite trajectory to the
displacement. The potential energy in a simple harmonic oscillator at
location ‘x’ is given by, U = %kx2



Driven Oscillator Examples

If a damped oscillator is driven by an external force, the solution to the motion
equation has two parts, a transient and a steady-state part, which must be used
together to fit the physical boundary conditions of the problem.

Constant applied force

If a constant force is applied to a damped oscillator, it will stretch out to a final position
determined by its spring constant. However, depending upon the initial conditions, it may
oscillate about that final position and then settle down to the final position. This is the practical
implication of the transient solution to the motion equations.

Resonant excitation

If a sinusoidal driving force is applied at the resonant frequency of the oscillator, then its motion
will build up in amplitude to the point where it is limited by the damping forces on the system. If
the damping forces are small, a resonant system can build up to amplitudes large enough to be
destructive to the system. Such was the famous case of the Tacoma Narrows Bridge, which was
blown down by the wind when it responded to a component in the wind force which excited one
of its resonant frequencies.

Changing initial conditions

The effect of the transient solution on the behavior of a damped oscillator is strongly dependent
upon the initial conditions. Although a driven system will ultimately settle down to a behavior
determined by the driving force (steady-state solution), the early part of the motion can show a lot
of variety.
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Complex exciting forces

It is the nature of a resonant system to respond strongly to influences which have frequencies
close to its resonant frequency. If a complex exciting force is applied, i.e., one which will have
many frequency components, then the system will tend to pick out the components which are
close to its resonant frequency. The example given is that of a square-wave driving force

Damped oscillator

All real oscillators undergo frictional forces. Frictional forces dissipate
energy, transforming work into heat that is removed out of the system. As
a consequence, the motion is damped, except if some external force
supports it. If the damping is greater than a critical value, the system does
not oscillate, but returns to the equilibrium position. The return velocity
depends on the damping and we can find two different cases: over damping
and critical damping. When the damping is lower than the critical value,
the system realizes under damped motion, similar to the simple harmonic
motion, but with an amplitude that decreases exponentially with time.

Motion Equation Notation

Motion equations for constant mass systems are based on Newton's
2nd Law, which can be expressed in terms of derivatives:
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In many advanced mechanics texts, derivatives with respect to time
are represented by a dot over the position variable which is being
differentiated.
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Acceleration a = d°X = % velocity v = dX = x
dt? dt

This makes it simpler to write equations where the forces are position
or velocity dependent. For example, the damped oscillator has forces:

Fspring = -KX Fdamping = ~CX

and the motion equation can be written

mX + ¢cx + kx =0
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The motion eguation of the form
mHE + ck + kx = 0
may be solved in the form x = edt

mg2 +cg + k=0
The roots of the auxiliary egquation are

q = -C* Y2 —4Amk

- 2m

which give the three cases:



c2 -4mk = 0 Critical damping

c2 -4mk < 0 Underdamped

c? -4dmk > 0 Overdamped
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