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 Integration: 

1) The Definite Integral 

 

 

 

 

 

 

 

 

Rules satisfied by definite integrals 

 

 

 

 

 

6.  

 

EXAMPLE:  

Let  

Then: 
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DEFINITION: If y = f(x) is nonnegative and integrable over a closed interval [a, b], then the area 

under the curve y = f(x) over [a, b] is the integral of  f from a to b.   

A= ∫ f(x)dx

b

a

 

If f(x) is negative then    A= ∫ |f(x)|dx
b

a
 

2) THEOREM (The Fundamental Theorem of Calculus 1):  

If  f  is continuous on [a, b], then 𝐹(𝑥) = ∫ 𝑓(𝑡)
𝑥

𝑎
𝑑𝑡 is continuous on [a, b] and differentiable on 

(a, b) and its derivative is f(x): 

 

EXAMPLE: 

Use the Fundamental Theorem to find dy/dx if: 

 

Sol:  

 

 

 

(c) The upper limit of integration is not x • This makes y a composite of the two functions. We must 

therefore apply the Chain Rule when finding dy/ dx.  

 

 

 

 

 

 

THEOREM (The Fundamental Theorem of Calculus 2): If f is continuous at 

every point in [a, b] and F is any antiderivative of  f on [a, b], then 

 

  



 

-4- 

 

EXAMPLE 

 

 

 

 

 

EXAMPLE  

Let 𝑓(𝑥)  = 𝑥2 − 4, compute (a) the definite integral over the interval [-2,2], and (b) the area 

between the graph and the x-axis over [-2,2]. 

Solution: 

 

(b) The area between the graph and the x-axis is |−
32

3
| =

32

3
  

EXAMPLE: Find the area between the graph 𝒇(𝒙) = 𝒙𝟑 − 𝟐𝒙𝟐 − 𝒙 + 𝟐 and the x-axis 

SOL: f(x)=0 then (𝒙𝟐 − 𝟏)(𝒙 − 𝟐) = 𝟎 that is x=1, -1 and x=2 

A=𝑨𝟏 + 𝑨𝟐 = ∫ |𝒇(𝒙)|𝒅𝒙 +
𝟏

−𝟏 ∫ |𝒇(𝒙)|𝒅𝒙
𝟐

𝟏
 

                 =[
𝒙𝟒

𝟒
− 𝟐

𝒙𝟑

𝟑
−

𝒙𝟐

𝟐
+ 𝟐𝒙] + [

𝒙𝟒

𝟒
− 𝟐

𝒙𝟑

𝟑
−

𝒙𝟐

𝟐
+ 𝟐𝒙]  

   

EXAMPLE:  Let the function f(x) = sin x between x = 0 and x = 2π. Compute 

(a) the definite integral of f(x) over [0, 2π]. 

(b) the area between the graph of fix) and the x-axis over [0, 2π]. 

Solution 

(a) The definite integral for 𝑓(𝑥) = 𝑠𝑖𝑛𝑥  is given by  

 

(b) To compute the area between the graph of f(x) and the x-axis over [0, 2π] we should find 

the points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0 , x=π or 

x=2π  Now subdivide [0, 2π]  into two pieces: the interval [0, π] and the interval [π, 2π].  
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EXAMPLE:  

Find the area of the region between the x-axis and the graph of  𝒇(𝒙) =  𝒙𝟑  − 𝒙𝟐  −  𝟐𝒙,     −𝟏 ≤

𝒙 ≤  𝟐 

  

Solution 

First find the zeros of  f.  𝑓(𝑥)  =  𝑥3  − 𝑥2  −  2𝑥 = 0  

                                                          𝑥(𝑥2 − 𝑥 − 2) = 0 

                                                      𝑥(𝑥 + 1)(𝑥 − 2) = 0 

 

x = 0, -1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-I, 0], on which f≥ 0, and [0, 2], 

on which f≤0. We integrate f over each subinterval and add the absolute values of the calculated 

integrals.  

  

EXAMPLE:  Find ∫ |𝒙 − 𝟏|𝒅𝒙 
𝟐

−𝟏
 

Since |𝒙 − 𝟏| = {
𝒙 − 𝟏          𝒙 ≥ 𝟏
−𝒙 + 𝟏        𝒙 < 𝟏

      then     ∫ |𝒙 − 𝟏|𝒅𝒙 
𝟐

−𝟏
= ∫ (−𝒙 + 𝟏)𝒅𝒙 

𝟏

−𝟏
+ ∫ (𝒙 − 𝟏)𝒅𝒙 

𝟐

𝟏
 

3) Indefinite Integrals and the Substitution Method  

Since any two antiderivatives of  f  differ by a constant, the indefinite integral  notation means that 

for any antiderivative F of f, 

∫ 𝑓(𝑥) 𝑑𝑥 =  𝐹(𝑥)  +  𝐶, 

where C is any arbitrary constant. 
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THEOREM: 

The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is 

continuous on I, then 

 

 

Substitution: Running the Chain Rule Backwards 

If u is a differentiable function of x and n is any number different from -1, the Chain Rule tells us that 

 

Therefore  

As well as                                        then  

EXAMPLE: 

Find the integral 

Sol: let                     then                                            

so that by substitution we have : 

 

 

 

 

EXAMPLE:  

Find the integral  

SOL: let u=2x+1 and n=1/2,   

because of the constant factor 2 is missing from the integral. So we write 

 

 

 

 

 

EXAMPLE: Find  

SOL: Let  u = 5t + 1 and du = 5 dx. Then,  
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EXAMPLE: 

SOL: Let u = 7θ+ 3  so that  du = 7 dθ. The constant factor 7 is missing from the dθ term in the 

integral. We can compensate for it by multiplying and dividing by 7. Then, 

 

 

EXAMPLE:  

 

 

 

 

 

EXAMPLE: Evaluate 

SOL: u = 2x + 1 to obtain  x = (u - 1)/2, and find that  

The integration now becomes 

 

 

 

EXAMPLE: Evaluate 

Let 
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The Integrals of 𝒔𝒊𝒏𝟐𝒙 and 𝒄𝒐𝒔 
𝟐𝒙 

 

 

 

 

 

4) SUBSTITUTION AND AREA BETWEEN CURVES: 

THEOREM Substitution in Definite Integrals: If g' is continuous on the interval 

[a, b] and f is continuous on the range of g(x) = u, then 

EXAMPLE:  Evaluate                            

SOL:  

 

 

 

 

EXAMPLE: Find  

SOL:  

 

 

 

 

 



 

-9- 

 

THEOREM:  

Let f be continuous on the symmetric interval [ -a, a]. 

 

 

 

EXAMPLE: Evaluate 

SOL: Since                              satisfies f( -x) = f(x) , it is even on the symmetric 

interval [ - 2, 2] , so 
 

 
 
 
 

 

 

AREAS BETWEEN CURVES: 

DEFINITION: If f and g are continuous with f(x) ≥g(x) throughout [a, b], then the area of the 

region between the curves y = f(x) and y = g(x) from a to b is the integral of (f - g) from a to b: 

 

EXAMPLE:   

Find the area of the region enclosed by the parabola 𝑦 = 2 − 𝑥2 and the line 𝑦 =  −𝑥. 

Solution: First we sketch the two curves. The limits of integration are found from the intersection 

points 𝑦 = 2 − 𝑥2   and  y = -x.  

 

 

 

The region runs from 𝑥 =  − 1 𝑡𝑜 𝑥 =  2. The limits of integration are 𝑎 =  − 1, 𝑏 =  2. The area 

between the curves is 

 

 

 

  



 

-10- 

 

EXAMPLE: 

Find the area of the region in the first quadrant that is bounded above by 𝑦 =  √𝑥 and below by 

the x-axis and the line y = x - 2. 

Solution:  

The sketch figure shows that the region's upper boundary is the graph 

of 𝒇(𝒙) =  √𝒙. The lower boundary changes from g(x) = 0 for 0 ≤x ≤2 

to g(x) = x – 2 for 2≤x≤4. We subdivide the region at x = 2 into sub 

regions A and B, shown in the figure.  

The limits of integration for region A are a = 0 and b = 2. The left-hand 

limit for region B is a = 2. To find the right-hand limit, we solve the 

equations 𝑦 =  √𝑥 and y = x - 2 simultaneously for x: 

 

 

 

Only the value x = 4 satisfies the equation √𝑥 = 𝑥 − 2. Therefore the right-hand limit is b = 4.  

 

We add the areas of subregions A and B to find the tota1 area: 
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5) Natural Logarithms 

DEFINITION: The natural logarithm is the function given by 

 

DEFINITION: The number e is that number in the domain of the natural logarithm satisfying 

In(e) = 1. 

The Derivative of y = In x 

By the first part of the Fundamental Theorem of Calculus, 

 

 

 

For every positive value of x, we have 
𝑑

𝑑𝑥
𝑙𝑛𝑥 =

1

𝑥
 and the Chain Rule extends this formula for 

positive functions u(x):                                 → 

                                       

EXAMPLE: 

 

 

 

Now if x<0 then –x>0 and hence  

 

 

Since |𝑥| = {
𝑥         𝑥 >
0      𝑥 = 0

−𝑥     𝑥 < 0
     

 

 We have the following important result, which says that  ln |x|  is an antiderivative 

of 1/x, x ≠ 0. 

 

 

THEOREM -Algebraic Properties of the Natural Logarithm: For any numbers b > 0 and x > 

0, the natural logarithm satisfies the following rules: 
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EXAMPLE:  

 

 

 

 

Graph lnx                                                                                                                                                                                                                                                                                                                                                                                                                    

  

 

 

 

DEFINITION: If u is a differentiable function that is never zero, 

In general  

 

EXAMPLE   

 

The Integrals of tan x, cot x, sec x, and esc x 

1-  

 

 

2-         

 

3-   
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4-  

 

 

 

 

 

EXAMEL:  

 

 

Logarithmic Differentiation: 

EXAMPLE 1:  Find dy/dx if  

Solution: We take the natural logarithm of both sides and simplify the result with the properties of 

logarithms: 

 

 

 

 

 

6) The Exponential Functions  

DEFINITION: For every real number x, we define the natural exponential function to be  

 

 

EXAMPLE 1: Solve the equation 𝑒2𝑥−6 = 4  for x. 

Solution: We take the natural logarithm of both sides of the equation and use the second inverse 

equation: 
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The Derivative and Integral of 𝒆𝒙 

 

 

 

EXAMPLE 2: We find derivatives of the exponential 

 

The general antiderivative of the exponential function 

 

EXAMPLE 3: 
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Graph 𝒆𝒙 

 

 

 

 

 

Laws of Exponents: 

 

 

 

 

 

 

 

 

 

 

The General Exponential Function 𝒂𝒙 

Since   𝒂 = 𝒆𝒍𝒏𝒂     then  𝒂𝒙 = (𝒆𝒍𝒏𝒂)
𝒙

= 𝒆𝒙𝒍𝒏𝒂   

DEFINITION: For any numbers a > 0 and x, the exponential function with base a is  𝒂𝒙 = 𝒆𝒙𝒍𝒏𝒂 

 

Power Rule (General Version)  

DEFINITION: For any x > 0 and for any real number n,  

General Power Rule for Derivatives 

For all x  and any real number n,                                     

Proof:  for x > 0 
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for  x<0 

 

 

 

 

It can be shown directly from the definition of the derivative that the derivative 

equals 0 when x = 0. 

EXAMPLE 4: Differentiate  

Solution:  

 

 

 

 

The Number e Expressed as a Limit 

Theorem: The number e can be calculated as the limit  
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The Derivative of 𝒂𝒙 

 

If a = e then  

 

In general                                  where u= f(x) 

The integral of 𝒂𝒖 

 

EXAMPLE 5: 

 

 

 

 

 

Logarithms with Base a 

For any positive number a ≠1,  

 

 

Property:  

Proof :                    then                 hence                         therefore  

Rules:  
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Derivative and Integral 

 

 

Example: 

 

 

 

 

 

7) Inverse Trigonometric Functions 

The six basic trigonometric functions are not one-to-one (their values repeat periodically). 

However, we can restrict their domains to intervals on which they are one-to-one. 
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Since these restricted functions are now one-to-one, they have inverses, which we denote by

 

Caution The -1 in the expressions for the inverse means ''inverse.'' It does not mean reciprocal. 

For example, the reciprocal of sin x is (𝑠𝑖𝑛𝑥)−1  =  𝑙/𝑠𝑖𝑛𝑥 =  𝑐𝑠𝑐𝑥. 
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It is easy to show  

 

The Derivative of 𝒚 = 𝐬𝐢𝐧−𝟏 𝒙 

𝑦 = 𝑠𝑖𝑛−1𝑥    →      sin(𝑦) = 𝑥      →        cos 𝑦 .
𝑑𝑦

𝑑𝑥
= 1          →           

𝑑𝑦

𝑑𝑥
=

1

𝑐𝑜𝑠𝑦
=

 
1

±√1−sin2 𝑦
=

1

√1−sin2 𝑦
      since                                       

    
𝑑𝑦

𝑑𝑥
=

1

√1−𝑥2
          

Then  

 

 

The Derivative of 𝒚 = 𝐭𝐚𝐧−𝟏 𝒙 

𝑦 = 𝑡𝑎𝑛−1𝑥    →      tan(𝑦) = 𝑥      →        sec2 𝑦 .
𝑑𝑦

𝑑𝑥
= 1               →           

𝑑𝑦

𝑑𝑥
=

1

sec2 𝑦

=  
1

1 + tan2 𝑦
=

1

1 + 𝑥2 

 

The Derivative of 𝒚 = 𝐬𝐞𝐜−𝟏 𝒙 
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                                                        ,       |𝑥| > 1 

 

 

 

 

 

 

Then  
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Integration Formulas 

 

EXAMPLE 6 

 

 

 

Solution  

(a)  
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(b)  
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8) Hyperbolic Functions 

The hyperbolic sine and hyperbolic cosine functions are defined by:  

                                      

 

 

 

Derivatives and Integrals of Hyperbolic Functions 

 

proof :  

1- 

 

 

 

2- 
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Integrals  

 

 

 

 

 

 

 

 

 

Example 1 
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Inverse Hyperbolic Functions 

Derevatives  

 

 

 

 

 

 

 

 

Integrals  

 

 

 

 

 

 

 

EXAMPLE 2:  find the derivative of y 

a)                                          b)                              c)     

sol: 

a)  

b)  
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c)  

EXAMPLE 3: Evaluate 

a)                              b)                               c)  

Sol:  

a)  

 

 

 

 

 

 

b)  

 

 

c)  
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(9 . TECHNIQUES OF INTEGRATION 
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10) Integration by Parts 

Integration by parts is a technique for simplifying integrals of the form:  

 

 

 

 

 

 

 

 

 

 

 

Then  

 

Remark: Sometimes we have to use integration by parts more than once as follows: 
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Evaluating Definite Integrals by Parts: 

 

 

11) Tabular Integration 

 

      d                                              ∫  
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Then  

 

 

 

 

 

12) Trigonometric Integrals 

 

Products of Powers of Sines and Cosines 

We begin with integrals of the form: 

where m and n are nonnegative integers (positive or zero). We can divide the 

appropriate substitution into three cases according to m and n being odd or even. 
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Eliminating Square Roots 

 

 

Integrals of Powers of tan x and sec x 

We use    𝐭𝐚𝐧𝟐 𝒙 = 𝐬𝐞𝐜𝟐 𝒙 − 𝟏  and  𝐬𝐞𝐜𝟐 𝒙 = 𝐭𝐚𝐧𝟐 𝒙 + 𝟏 
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Products of Sines and Cosines 

 

 

 

15) Trigonometric Substitutions 

Trigonometric substitutions occur when we replace the variable of integration by a trigonometric 

function. The most common substitutions are: 

If                         then we use                           

If                         then we use                         

If                         then we use                           
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Remark : In order to get θ we use the invers of trigonometric functions then we suppose  that:  
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16) Integration of Rational Functions by Partial Fractions 

This section shows how to express a rational function (a quotient of polynomials) as a sum of 

simpler fractions, called partial fractions, which are easily integrated. 

Writing a rational function f(x)/g(x) as a sum of partial fractions depends on two things: 

• The degree of f(x) must be less than the degree of g(x). That is, the fraction must be proper. If it 

isn't, divide f(x) by g(x) and work with the remainder term.  

• We must know the factors of g(x). In theory, any polynomial with real coefficients can be written 

as a product of real linear factors and real quadratic factors.  

 

To find A and B, we first clear Equation (1) of fractions and regroup in powers of x, obtaining 
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there is a quick way to expand f(x)/ g(x) by partial fractions. 
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Other Ways to Determine the Coefficients 

 

 

 

 

 


