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Integration:

";_,.i
y=fx
1) The Definite Integral éi :
S = 2’““”‘“ = ﬁ; ﬂql(h - “). L
A Ax = (b = a)/m for all & 4
= lim E,‘l-_-”{"' ;u j = lim z}'ln’ 3 0l a x x x Xy X _

The function is the integrand.
Upper limit of imegration

Integral sign ris thr vanable of integration.
f (x)dx”

When you find the value
of the integral, you have
evaluated the integral.

Lower limit of integration

Rules satisfied by definite integrals
1. Order of Integration: /:/h):h = —[b/(.r)dr A Definitior
2. Zero Width Interval: / “jmd.- =0
3. Constant Multiple: -[ hk/(,\') dx = k / h/(.l‘) dx

b

4. Sum and Difference: /(/(\) + g(x))dx = [(r)d\ ﬁ:/g(l)d\

5. Additivity: //(lhlt +//(\)dl = /](\)d\

6. fl(x) = g(x)on[a,b] = fjl:x:ld.t “"fgl:t:ld.l

Jix) = Oon[a,b) = fﬂ.t}dt' =0 (Spe
EXAMPLE:
f!ﬂ_\r]d.t = 5, _[ﬂ.t]d\ = =2, and /:h(.l.')d'.t = 7.

1 4
Then: 1. //(.U(L\' - —/ f(x)dx = —=(=2) = 2
4 |

1 1
2/ f(x) de + 3/ hix) dx
-1 -1

2(5) + 3(7) = 31

4 1 4
//(.\')d\' = / f(x) dx + / f(x)dx =5+ (=2)=3
-1 -1 1

1
/[2](.r) + 3h(x)] dx
-1

|




DEFINITION: If y =f(x) is nonnegative and integrable over a closed interval [a, b], then the area

under the curve y = f(x) over [a, b] is the integral of f from atob.

A= f bf(x)dx

If f(x) is negative then A= fab|f(x)|dx
2) THEOREM (The Fundamental Theorem of Calculus 1):

If f iscontinuouson [a, b], then F(x) = f f(t) dt is continuous on [a, b] and differentiable on

(a, b) and its derivative is f(x): £'(x) = —] fo)dt = f(x).

EXAMPLE:

Use the Fundamental Theorem to find dy/dx if:
(a) y= X(£3+ 1) dt (b) y:/“3tsintdt (c) y:]X cos { dI
a X 1

dy x .
Sol: (a) dfc:d] (4 Ddt =x° + 1

_d d(_["
(b) dl /3351ntdt e ( /3fs1ntd}f)
———/ 3tsint di

= —3xsinx

(c) The upper limit of integrationis not x- This makes y a composite of the two functions. We must
therefore apply the Chain Rule when finding dy/ dx.
dy dv du

E du dx

(d[" du
= (du_ [ costdt) o
— cosu -

dx

= cos(x?) - 2x

= 2x cos x>

THEOREM (The Fundamental Theorem of Calculus 2): If f is continuous at
every point in [a, b] and F is any antiderivative of fon [a, b], then
b
/ f(x)dx = F(b) — F(a).



—EXAMPLE (a) / " cos x dx Sin x v.

sinw — sinl 0-0 0

(b) / $CC x tan x dx $CC X

— /4

sec0 — sec (-") 1= V2

(¢) /(i VX - \l‘;)xi\ x/? 4 :

: 4 :
(4) + - )
3 (1

.

8+ 1]—[5] = 4

EXAMPLE

Let f(x) = x? — 4, compute (a) the definite integral over the interval [-2,2], and (b) the area

between the graph and the x-axis over [-2,2]. v T [ ..
3 10 1 g
Solution: \ - ’
(a) / fx) dx 'lil - 4y [t - a] - [_" ' x} " \"-._l. 2
-3~ .' x)=x>—4
.. 32 32
(b) The area between the graph and the x-axis is |— ?| =7 S

EXAMPLE: Find the area between the graph f(x) = x3 — 2x? — x + 2 and the x-axis

SOL: f(x)=0 then (x? — 1) (x — 2) = 0that is x=1, -1 and x=2
A=A + Az = [ IFOldx + [L1f ()l dx

EXAMPLE: Let the function f(x) = sin x between x = 0 and x = 2. Compute

(a) the definite integral of f(x) over [0, 2m]. ¥

(b) the area between the graph of fix) and the x-axis over [0, 2]. e\
f.-""JArezl 21“‘.%

| J
0/ my Area ks
| Ny

Solution

(a) The definite integral for f(x) = sinx is given by

_ ] »
/ sin x dx COS X [cos 27 — cos 0] [1=1]=0

(b) To compute the area between the graph of f(x) and the x-axis over [0, 2rr] we should find

the points in which f is intersect x-axis i.e. f(x)=0 this implies to sin x=0 i.e. x=0, x=m or

x=27 Now subdivide [0, 2r] into two pieces: the interval [0, ] and the interval [m, 2n].

* X



/ sinx dx = —cos,\:} = —[cosm —cos0] = —[-1 —1] =2
Jo 0

2T 2
j sinx dx = fcosx} = —[cos2m —cosw] = —[1 — (—=1)] = =2

m

Area = |2| + |-2| = 4.

EXAMPLE:

Find the area of the region between the x-axis and the graph of f(x) = x3 — x2 — 2x, -1 <

x < 2

Solution PRI v 2 — 52— 2
First find the zeros of f. f(x) = x3 — x%2 — 2x =0 I
x(xz_x_Z) = 0 Area |—::| ’

&

x(x+Dx-2)=0

2]+

-
e

x=0, -1, and 2 . The zeros subdivide [-1,2] into two subintervals: [-I, 0], on which f= 0, and [0, 2],

on which f<0. We integrate f over each subinterval and add the absolute values of the calculated

integrals.

-5 . |_8
Total enclosed area = 12 + ‘ 3

EXAMPLE: Find [* |x — 1]dx

. -1 >1 2 1 2
sincelx =1/ ={*" " =L then [ lx—1ldx = [} (-x+ Ddx + [[(x - Ddx

3) Indefinite Integrals and the Substitution Method

Since any two antiderivatives of f differ by a constant, the indefinite integral notation means that

for any antiderivative F of f,
Jf(x) dx = F(x) + C,

where C is any arbitrary constant.



THEOREM:

The Substitution Rule If u = g(x) is a differentiable function whose range is an interval I, and f is

continuous on I, then ff(g(x})g'{x) g = /f(u) .

Substitution: Running the Chain Rule Backwards

If uis a differentiable function of x and n is any number different from -1, the Chain Rule tells us that

d (Wt du
dx \n + 1 dx’
n+1

u

", du ,
Therefore ]u Pl R O

As well as /.u”du _w" o then  agu = 9 gy
) n+1 dx

EXAMPLE:

Find the integral \/(x} +x)°(3x% + 1) dx.

Sol: let u = x* + x.then du = %dh’ = (3x* + 1) dx,
so that by substitution we have :

/ll' + x)P(3x + 1) dn /”L“’."

o
6

EXAMPLE:
Find the integral / Ve + Ldx.
SOL: letu=2x+1and n=1/2,  du = g dv = 2ds

because of the constant factor 2 is missing from the integral. So we write

EXAMPLE: Find [sec2(5r+ 15 di.

SOL: Let u=5t+1and du=5dx. Then,



/ sect (5t + 1)-5dt / sec® u du

tanu + C

tan (5¢ + 1) + (

EXAMPLE: /COS (76 + 3) do.

SOL: Letu =76+ 3 sothat du= 7 d6. The constant factor 7 is missing from the dé term in the
integral. We can compensate for it by multiplying and dividing by 7. Then,

. "l
/ cos(T0 + 3)d0 = / cos (70 + 3)=T7 db

|
= cos u du

_l\me.- + C

| - .
=sn(78 + 3) + (

|

/ sin u * 5 du
h ]

/ sin u du

(—cosu) + C

EXAMPLE: /-1".~dul1ihh /-.\lnh;r'.x" dx
|
3
|
3

I 1 .
s cos(x”) + (
3

EXAMPLE: Evaluate f—‘f V2x + Tdx

SOL: u=2x+1toobtain x=(u-1)/2, and find that *V2x+ ldr= g0= 15 Vid

The integration now becomes

/ vV 2y + 1 dx ]1/11.-— |l\-r“.ﬁ.- ll[lu— ue'? du
l -l V2= u')d
3 '] ] i

Let



The Integrals of sin®x and cos 2x

[ "1 — cos 2x
(a) /\m' v dx / - dx
I ]
5 | (1 = cos 2x) dx

+ C=% - +

|
5
) oy "1 + cos 2x X sin 2x
(b) /CU\ X dx / ~ dx ~ 7 + ( L

4) SUBSTITUTION AND AREA BETWEEN CURVES:
THEOREM Substitution in Definite Integrals: If g' is continuous on the interval

"glb)

b
[a, b] and f is continuous on the range of g(x) = u, then / g g@dr = | = fw)du

&l

EXAMPLE: Evaluate / VE T T
J—=1

SOL: / 3PV + 1dx

/ Vu du

SOL:  Let u = cotf, du

w2 0
/ cotﬂcsczﬂd(i:fu-(—du)
/4 1
"0
S ALE o]y

2 2 2
270
- _|¥
%)



THEOREM:

Let f be continuous on the symmetric interval [ -a, a].

(a) If f is even, then ’ fx) dx = Z[af(x) dx.
J—a JO

(b) If f is odd, then ’ fx)dx = 0.

r2
EXAMPLE: Evaluate ]_ 2“4 — 47+ 6)dx.

SOL: Since s =x*=-42+6  satisfies f( -x) = f(x) , it is even on the symmetric
interval [ - 2, 2], so

2 2
f(x4—4x2 +6)a’x=2/ (x* — 4x® + 6) dx
-2 0

573 0
=2 (2-2yn)-22
AREAS BETWEEN CURVES:

DEFINITION: If f and g are continuous with f(x) =g(x) throughout [a, b], then the area of the

region between the curves y = f(x) and y = g(x) from a to b is the integral of (f - g) from a to b:

b
4= / [(x) — g(x)] dx.

EXAMPLE:
Find the area of the region enclosed by the parabola y = 2 — x? and the liney = —x.

Solution: First we sketch the two curves. The limits of integration are foiind from the intercectinn

3

pointsy =2 —x2 and y = -x. L
2 —x X b =3
(=1, 1} ® Ax
X = x =3 0 =
(x+ 1x=2)=0 — - =
X 1, X 2 N
[x, glx)) _

The region runs from x = -1tox = 2. The limits of integration a L oy=-xje-n @

b 2
between the curvesis 4 :f [f(x) — g(x)] dx = / [(2 = x%) — (=x)]dx
a -1

r2 5 xz X32
=] (2+x—x%)dx = |i2x+7—?l]

_ 4_8)_ ([, 1 . 1)_9
’(4+2 3) (2+2+3) 2



EXAMPLE:

Find the area of the region in the first quadrant that is bounded above by y = +/x and below by

the x-axis and the liney =x - 2.

Solution:
The sketch figure shows that the region's upper boundary is the graph ﬁ ~ \
Aren |Wxy=x+ 2)dx
of f(x) = vx. The lower boundary changes from g(x) =0 for0 <x <2} / A y= Vi
I Ares = | Vide (x. _|"I_L}.I __" 5
to g(x) = x — 2 for 2<x<4. We subdivide the region at x = 2 into sub R *‘5 7 Y
[x, flxh) '-‘_‘.. - Y h P
regions A and B, shown in the figure. | " 1 o
/ ‘ (x, gix))
The limits of integration for region Aare a=0and b=2. The left-hand o * =072 4
L, plx))

limit for region B is a = 2. To find the right-hand limit, we solve the
equations y = v/x andy = x - 2 simultaneously for x:
Vy=x-—2
x=(x—=-2P=x>—4d4x+4
X =5x+4=0

x—1x—4)=0

x =1, x = 4.

Only the value x = 4 satisfies the equation vx = x — 2. Therefore the right-hand limit is b = 4.

For0=x=2  f() —gl) = Vi—0=Vx
For2 =x =4 fx) —gx) =Vx—(x—2)=Vx—x+2

We add the areas of subregions A and B to find the total area:

. H
Vxdx + (Vx — x + 2)dx
Total arca ) )

-10-



5) Natural Logarithms
DEFINITION: The natural logarithm is the function given by

g
Inx = / —dt, x =0,
. I

DEFINITION: The number e is that number in the domain of the natural logarithm satisfying
In(e) = 1.

The Derivative of y = In x
By the first part of the Fundamental Theorem of Calculus,

d, _d [*1., 1
dxhu_dx[ J\:a'e‘—x.

d 1
——Inx =,

dx

For every positive value of x, we have ;_xlnx = % and the Chain Rule extends this formula for

.. . . d _d Ldu d 1 du
positive functions u(x): ~ lnu=_-lnu-0 > Thu=-"2 u>o0

dx u dx
EXAMPLE:
d _ld . _ 1., _1
@ g2 =@ =9y =% x>0
d 5 1 d . 1 2x
b In(x*+3)=———(x+3) = 2x = — .
(de & ) xt+ 3 a’x(t X+3 0 x2+3

Now if x<0 then —x>0 and hence

d In(—x) = % for x << 0.

dx
X x>
Since |[x] ={0 x=0
—x x<0

We have the following important result, which says that In |x| is an antiderivative
of 1/x, x #0.

dig=L
Ix In|x] = e x#0

THEOREM -Algebraic Properties of the Natural Logarithm: For any numbers b > 0 and x >

0, the natural logarithm satisfies the following rules:

-11-



1. Product Rule: Inbx = Inb + Inx

b _
2. Quotient Rule: Iny =TInb—Inx
3. Reciprocal Rule: ln% = —Inx
4. Power Rule: Inx" = rlnx

EXAMPLE:

(a) In4 + Insinx = In (4 sinx)

x+1 e
(b) 1n2x —3 = In(x + 1) = In(2x — 3)
(c) ln%— —In8

= —-In2?=-3In2

Graph Inx y

(=]
.
=N
=

DEFINITION: If u is a differentiable function that is never zero, _/%du ~In|u| + C.

J'(x) )
In general fﬂ—;dx =In|fx)] + C

2 _ - -
EXAMPLE [ —2 u - [ '{#—|n|u||

N 5

=In|=1|]=In|=5] =Inl =In5= =In5

The Integrals of tan X, cot X, sec X, and esc X

1- / e / sinx j, /-;j"

=In |u| + C = —=In|cosx| + C
1
- |cos x|

_ cos x dy du
2- fl..ll-l.l dx —f e f u

=1In|u] + C = In|sinx] + C = ~In|cscx| + C.

3 (secx + mnx) sec’ x + sec .x tan x
- secx dx = secy —dx = dx

(secx + tan .1'I" secx + tanx

+ C = In|secx| + C.

—fd" Inlul + C = In|secx + tun.r| + C

-12-



4- (cscx + cotx) csc’ x 4+ ¢sc x cot x
cscxde = [ escx dx = dx
CSCXx + cotx

(cscx + cot \)‘
—du ° :
/,‘,l = —|n |u| + C= ~In|cscx +4 cul\l + (
il ' I, Ci I TN I i SCCAl | i
/ tanu du = In |*-|..'1.: HI + C / secudu = In I'w:l..‘ u + tan ul t+ C
/culn du = In|sinu| + C / escudu = —In|cscu + cotu| + C
. /e i du W
EXAM EL / tan 2x dx = / tan u - [? = - tan u du
S0 J0 - “J0
1 R [P .
—,lnl\ucul ==(ln2—=Inl)==In2 I

Logarithmic Differentiation:

(r* + D(x +3)'2
EXAMPLE 1: Find dy/dx if y= =1 :

Solution: We take the natural logarithm of both sides and simplify the result with the properties of

logarithms:

(x% + Dix + 3)¥?
x—1

=In((x%+ 1(x + 3)1""2) —In(x—=1)

Iny = In

=In(x2+1)+nx+3)"2=In@x-1)
=In(x*+1) + ;—ln(x +3)—In(x —1).

ldp 1, 01 1 1
Vdr 2+1 T2 x+3 x—1

dy 2x 1 1
==V + - - .
dce “\xy2+1 2Zx+6 x-—1

dy (x* + 1)(x + 3)1? 2x Ly 1
dx x—1 24 2x+6 x-—1/)

6) The Exponential Functions

DEFINITION: For every real number x, we define the natural exponential function to be

X

e’ = expx
¢ Equations for nd
eh X (allx > 0)
In(e®) = x (all x)

EXAMPLE 1: Solve the equation e?*~¢ = 4 for x.

Solution: We take the natural logarithm of both sides of the equation and use the second inverse
equation:

-13-



In(e® % =1n4
2x — 6 = In4
2x =6+ In4

X
The Derivative and Integral of e*
In(e’) = x
d Xy
Eln(e ) =1
1.d . _
. P x(e ) 1 ‘
If e s inction of x, then
d x x
—e* = e”,
d_l‘ d
Lot = ot
dx

EXAMPLE 2: We find derivatives of the exponential

A

du

dx’

d

2 (Kp%) = o = Gk
(a) ‘i_t_[..t' ] 5‘{‘_1 Se

(I - =X —d — 2" | o —_— X
(b) i€ e ‘h_{ x) = e "(=1) e
{C] ‘\If'lt — SN x {! {“ ‘ T] — ‘\lrll' 0% X

L 7y sin ‘ COS .

(d) _::,—_fl,(t’\?) - t'\ﬁ'(—',( 3x +

dx

')

- o Vixtl, v + =172, —
¢ E{"‘ 1) 3

2

3

2Vix + |

x=3+2In4=3+Ind4l2

Y+ 1
q‘.’\' |

The general antiderivative of the exponential function

EXAMPLE 3:

*In2 In8 1
(a) j e dy = / e —du
0 Jo 3

_lee_no2
=3@8-1 =3
w2

mil
(b] / L,:ﬂn Yecosx dy = ™M
J0O 0
1 0

/e“du=e”+€

= g —{)—";—l

-14-
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Graph e* 5

2

Laws of Exponents:

1 {1|(L_(A'|l‘. 2{—\.__
et
e® o - . e .
3. =t 4. (™) = "™, ifris rational
PEs
Proof of Law 1 Let) e" and y; = €“.Then
Xy Iny and x; In y;
X X 1) 1)
1V:)
f £
Vi
L L .
Proof of Law 4 Let y = (¢*)". Then
In» In(e™)
= rin(e")

The General Exponential Function a*

N X
Since a=e" then a* = (el"®)” = e*ina

DEFINITION: For any numbers a > 0 and x, the exponential function with base ais a* = e*n@

Power Rule (General Version)

L minx

DEFINITION: For any x > 0 and for any real number n, + = ¢
General Power Rule for Derivatives
M

i
For all x and any real number n, EI” = nx

Proof: forx> 0

-15-



for x<0
if v = x", ¥, and "1 all exist, then

In|y| = In|x|* = nIn|x|.

It can be shown directly from the definition of the derivative that the derivative
equals 0 when x = 0.

EXAMPLE 4: Differentiate fix) = x*, x = (.
. a e
Solut : . xlnx ' _ & _.1]:1.'.
olution: f(x}) = x* = "™, flx) = - (™)

xinx

= e if_ﬁclnx}

— Lxlnx _.l
e (]n.x+.:. .r)

= x*{lnx + 1).

The Number e Expressed as a Limit

Theorem: The number e can be calculated as the limit e = lim (1 + x)'*,
Proof If fix) = Inx,then f'(x) = 1/x,s0 f'(1) = 1. But, by the definition of derivative,

o FU R =)+ x) = f(1)
S P h i *
_ jﬁ:h]n“ hl ;j Il ln:]l}% In{l + x)

= lim In(1 + )" = In [Ji“}]il + xJ"’*}
Because f'(1) = 1, we have
In [limlll + .r}l-"'”] =1

Therefore, exponentiating both sides we get

lim (1 +x)'* = e.
Itrﬂj( x) e

-16-



The Derivative of a*

i X — i xlna — .1'lna_i .
gt = —e e dx{l Ina)
=g lna.

If a = e then %e" =e'lne = e*.

In general 4 u — 4u1n 4 4 where u= f(x)
dx dx

The integral of a*

fa“du -2 4
Ina

EXAMPLE5: (@) -3 = ¥In3

d —x _ =X i —_) — —
(b) =37 = 37(In3) - (=x) 33

(&) L3 = 305(1n3) L (sinx) = 39(1n 3) cos x

P
[d)llza’x T+ C

I SN . . _ u _2_*4
(e) ./2 Ccos x dx f? du ]ﬂ2+C

_ z'sin x
In2

Logarithms with Base a

For any positive number a #1, log, x is the inverse function of a*,

a'*B* = x (x = 0)

log,(a®) = x (all x)

: = Inx
Property: log,x = na

Inx

Proof : v = log,x then @’ = x1 hence yIna = Inx. therefore  logax = ¢ =

Rules: 1. product Rule:
log, xv = log,x + log, v

2. Quotient Rule:
X
lugaﬁ = log,x — log, y
3. Reciprocal Rule:
lng“% = —log, v

4.  Power Rule:
log, x* = vlog,x
-17-



Derivative and Integral

1 1 du

Ina wdx

%“ﬂgu u) =

Example:

| 1 d 3

d 11 d -3
@ gplognBy = ) =0 a3 D = oG +

dx

logs x 3 .
mf_gTaﬁr:L I ge  oge -l

In2 It

_ 1 v el

— Inzfudu u \x, du = dx

1w ~ 1 (nx)? ~ (Inx)?
m22 7¢"ma 2 T "ama €

7) Inverse Trigonometric Functions

The six basic trigonometric functions are not one-to-one (their values repeat periodically).

However, we can restrict their domains to intervals on which they are one-to-one.

y sin x y ‘A tan x
I COs X :
| |
| i X L l | X
-7 0o T 0 T -7 0 7
2 2 2\ | 2 2
| ! I
| \ |
!
y=sinx y = Ccosx y=lanx
Domain: [—m/2, 7/2] Domain: [0, ] Domain: (—=m/2, w/2)
Range: [—1,1] Range: [—1, 1] Range: (—00, 00)
¥ ¥y Sec x Y escx
| | | |
col x : : : :
' l | :
: ! | | 1+
| | |
0 i I 0 [ aad N e
2 | 2 2 i 2
| : | |
| I | |
I | | |
| | | |
| | | |
y = cotx y = secx Y = CsCX
Domain: (0, ) Domain: [0, 7/2) U (7/2, 7] Domain: [—#/2, 0) U (0, 7/2]
Range: (—00, 00) Range: (—o0, —=1]1U[1, oc) Range: (—o0, —1]U[I1, 00)

-18-



Since these restricted functions are now one-to-one, they have inverses, which we denote by

1

y =sin ' x or
y = cos 'x or
y = tan ' x or
y = cot ' x or
y = sec lx or
y = csc lx or

y = arcsinx
y = arccos x
y = arctanx
y = arccot x
y = arcsecx
y = arccscx

Caution The -1 in the expressions for the inverse means "inverse." It does not mean reciprocal.

For example, the reciprocal of sin x is (sinx)~! = l/sinx =

CSCX.

Domain: -l=x=1 Domain: -l1=x=1 Domain: —ee < ¥ < oo
M y = W . . ) ™ , - T
Range: ] =y=s ] Range: O=y=nm Range: ) <y< 3
y Y v
y )
w
5 N -7 S A ———————
y=3sin 'x ) = COS™'X £l
) };-;- 2 Y = an-lx
| - X - 1 1 I | -
-1 I 2 2 - 2
_T
B 1 4 X 2
2 -1 )
(a) (b) (c)
Domain: x=-lorx= 1 Domain: x=-lorx=1 Domain; —co < x < oo
Range: O0=y=my+# % Range: -% sys= g y#0 Range: O<y<w
y y y
'Y L
T e T
-T7 2 y = esc”lx |
n y = sec”x y=cot x
2

(d) (e)

EXAMPLE 1

Solution
(a) We see that

Evaluate (a) sin”’ (%) and {b}cas"(—%).

because sin(7/3) = \/5,’2 and 7/3 belongs to the range [—/2, /2] of the arcsine
function. See Figure 7.18a.

(b) We have



It is easy to show

The Derivative of y = sin~1 x

| . _ d_y_ ﬂ 1
y=sin""x - sin(y)=x - cosy.dx—l - = cosy
1 .
+/1-sin2y ~ ,/1-sin2y SINCE —m/2 <y < 7r_/2
dy _ 1
dx  V1-x2
A1y I du
Then i (sin™ u) = s |u| < 1.
EXAMPLE 4  Using the Chain Rule, we calculate the derivative
}/‘(sin'l.\"“) -1 __. ;1_(.‘-3) o .
e Vi =)y & V1"
The Derivative of y = tan"! x
dy dy 1
— -1 — 2 L = —_——
y=tan 'x - tan(y)=x - sec’y.— 1 - dx ~ sec?y

_ 1 _ 1
~ 1+tan?y 1+ x2

l du
[+ a2 dv

% (tan~lu) =

The Derivative of y = sec 1 x

y = sec X
secy = x
d ( 0) d '
— (secy
dx ) dx
dy I
sec ytany =
g SRS t/.\‘

11.\' |

dx secytany

secy = x and tanyzj:\/scczy—lzi\/xz—l
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1 .

+— ifx>1

2 gecly = xVax?—1

d 1
- ifx < —1.

xVaxr =1

%sec Iy = L . x> 1
|x] Vx? =1

%(sec" ) = — 2y >

EXAMPLE 5  Using the Chain Rule and derivative of the arcsecant function, we find

" Ry 1 dre.t
——sec (5x7) = = —(35x")
dx |sx4| V/(5x%)? = 1 &
= ! (20x7) X | >0
Sx*V2sx® — 1
- 4
V258 = 1
Inverse Function=Inverse Cofunction ldentities
cos'x = @w/2 — sin”' x
cot™' x = /2 — tan”' x
esc'x = 7/2 — sec” x
d, -1 _d(m _ . __d oy 1
pe (cos ' x) = pe (2 sin x) dx(sm X) = _ﬁ

Then
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d(cot™" u) 1 du

dx B _l + HZE

d(sec ' u) 1 du
J = = |u] > 1
o |u Vu? — 1

d(csc™ ! u) . 1 du .
dx N |u|«./u2 — dx’ |u|

-22-



Integration Formulas

Lo Gy (g) +C (Valid for u? < a?)
a’ — u?
2. [ = Lo (%) 4 ¢ Valid for all
- 2,2 a a (Valid for all u)
3. LZ%SGC_1|%|+C (Valid for |u| > a > 0)
7 _ 2
i - —a
EXAMPLE 6

Vs dx - -1 :|\/§f2 1 (\/g) 1 (\/E) T
a)  —————=58n x| _ =sn '|—— ) —sn ' |—| =+
( \;”-Z,FQ 1 — x2 \/2{;2 2 2 3

(b) / dx :l/ du
J V3 — 4x? 2, \a? — u?
= l=~;ir1_] (E) + C
27 d

. 1 . —1 (2x )
= —sin — 1+ C
2 V3
du/u

. dx _

© / VeX —6 J Vu?—d?

/ du
uVu? — a?

= asec gl + c

= %sec_] (\‘2) +C

EXAMPLE 7 Evaluate

dx dx
® [ ‘v/al.r - x? ®) [ 4x? + 4x + 2

Solution

(@) we first rewrite 4x — x? by completing the square:

4y — x> = —(x*—4x) = —(x*—4x+4)+4=4—(x —2)%

dx _ dx
/'\/dfx—x2 /\/4—(,1:—2)2
:/' du
Va? - u?
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— sin”! (%) + C
sin”! (L ; 2) + C

(b) We complete the square on the binomial 4x? + 4x:

4x2+4x+2=4(x2-I-x)+2=4(x2+x+%)+2—%

Then,

/ dx _ / dx _ l[ du
J ax?P+4ax+2 J 2x+ 12 +1 2] uP+ 4P
= ;— . %‘[an_1 (%) + C

= é—tan_] 2x+1)+C
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8) Hyperbolic Functions

The hyperbolic sine and hyperbolic cosine functions are defined by:

Hyperbolic tangent:

Hyperbolic sine: Hyperbolic cosine:
H X -
sinhx = # coshx = # tanh.x = :;;I;lf: - :‘ + Z_x
Hyperbolic cotangent: H}'be‘rbﬂlic secant: Hyperbolic cosecant:
cothx = :’;}?i = Zj t ::i sechx = cosl.hx = |2 = cschx = sinlhx = _2 o

Derivatives and Integrals of Hyperbolic Functions

i(sinh u) = cosh u@

dx dx
d . U
I (coshu) = sinhu .
d — cenh? AU
I (tanh u) = sech U
d _ 2, du
E(coth u) = —csch” u I

% (sechu) = —sechu tanhu d_z{

dx
d — —oceha cath i 94
I (cschu) = —cschu wthua’x
proof :

1- %(sinh u) = d% (%)

~e"dufdx + e dujdx
- 2

du
= coshu—

dx

d _d l
2= gy loschu) =50 (sinh u)
~ coshu du
sinh? y dx
1  coshudu
sinhu sinhu dx

d
— —cschu coth u 2
dx
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Integrals

sinhu du = coshu + C

coshudu = sinhu + C

sech’u du = tanhu + C

csch’ u du = —cothu + C

— e S S S

Example 1

sechutanhu du = —sechu + C

cschucothudu = —cschu + C

@) %(‘a“h V1 +¢2) = sechzm-i(m)

V1 + ¢

_ [ cosh5x . 1
(b) / coth Sx dx = / ik 5 dx 5

dt

————sech® V1 + 2

du

u

= I u] + € = {in [sinh5x| + C

1 1 o
(c) / sinh® x dx = / QSh?;—Idr
0 0

R S _ 1 [sinh2e T
—21 (cosh 2x l)dr—z[ 5 x]o
_sinh2 _ 1 _

" =2 2~0.40672

In2 In2 T In2
(d) 4e* sinh x dx = / 4e¢* ————dx = / (2¢* — 2) dx
0 0

0

2

[el‘ - Z\']:,"z =

4=2In2~-1= 1.6137

(e2™2 = 2In2) = (1 = 0)

-26-
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Inverse Hyperbolic Functions

Derevatives  d(sinh™' u) _ 1 du
dx V1 + 2 ax
d(cosh™' u) 1 du o
dx Vil —dx’ “
d(tanh™" u) _ 1 du -
dx - 1 — 1{2 dx’ |H|
d(coth™ u) 1 du
dx N 1 _1€2 (ij |H| > 1
d(sech™ u) 1 du
= — — <
dx wV1 = y2 ax’ O<u<l
d(csch™ u) 1 du 20
= = > . M
dx |u|\/ 1+ u? dx
du il (M .
Integrals 1. f Vi sinh (a + C, a>0
du —1 {u ,
2. f——cosh]— + C u=a=0
s e (8) <
. %‘cz’mh_1 (%) + C, u? < a?
3 / 2du =
aTu éu{;mh'l (%) + C, u’ > a*

.

dl.‘ 1 _1< )
" ——— = ——sech - "‘C, 0<u<a
./I{Vﬂﬁ—ﬂﬁ “ ¢

th

=—%csch‘1|;—{|+a u+#0anda = 0

du
' /u\fﬂz + u?
EXAMPLE 2: find the derivative of vy

(1Y
a) y = cosh™ 2Vx + 1 b) y = csch™ (E) C) y = sinh™! (tan x)

sol:

oy _ @ (-—;)(Mrl}—' 2

1

okl 1 — coch-l 1/2 dy _ _ !
a)y = cosh™' 2y/x + 1 = cosh™! (2(x+ D"?) = T~ TR

X

b) ¥ = csch-1 (%)H ody _ ['T(‘)] (‘)’ _ In{l)—ln[?} _ In 2

Toee] e e
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dy sec’ X

seccx _ secix __ |secx||sec x|

¢) y=sinh(tanx) = £

313 dx

EXAMPLE 3: Evalua |, —7r——

1
2 dx
) / _2dr ) 0
0 V3 + 4x?
Sol:
a) . 2 dx _ / du
J V3 + 4x? Va? + u?

= sinh™! (%‘) +C

i 5 2x
=smh1( )% C.
V3

Therefore,

/IA = sinh™" <A>J, = sin
Jo V3 + 4x? V3/ o

= sinh™" (

-, wWhereu=4x,du=4dx,a=1

313 J2013
b)J dx :J

= [—sech™'u],." =

du
a? — it

dx — /T+(anxy

g

- ¥ -
— sech™! :—; + sech™!

vsecix  [secx| lsec x| |sec J'il

e

dx
JU xV1 + (Inx)?

Formula from Table 7.11

) — sinh™' (0)

o= 5

) — 0 = 0.98665.

4
5

g ol
dx du ; — — 1 —
C) ‘J] . 1+(1nx}_,—jﬂm.“hﬂ[‘ﬂll—l[l?&.d”—xdx.ﬂ—l

— [sinh~!u], = sinh ! 1 — sinh~1 0 = sinh~! |
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9). TECHNIQUES OF INTEGRATION

TABLE 8.1 Basic integration formulas

.

o

o

4.

5.

6.

7.

9.

10.

11.

i
J
/
Jre
/
/
i
/
/
/

kdx = ke + C  (any number k)

n+l

Nd"_

+C (n#-1)
dT In|x] +C

cdx=¢e"+C

lna (@>0,a#1)
sinxdy = —cosx + C
cosxdx = sinx + C
sec’xdx = tanx + C
csc’xdx = —cotx + C

secxtanxdx = secx + C

cscxcotxdx = —cscx + C

12. /tamdx = In [secx| + C

13. /cotxdx = In|sinx| + C

14. /sec.rdr = In|secx + tanx| + C
15. /cscxdx = ~In |escx + cotx| + C

16. /sinhxdx = coshx + C

17. /coshxdr = sinhx + C

dx -
18./—=sm'( )+C
Vaz—xz 4

d). _ 1 1 l
20./“' gy 28¢C " | 3 +C
dx -1 (X
21 2+"‘—'th (5)+C (a>0)
a*+x*
22 ;ix' =cosh’<§)+C (x>a>0)
X =a



10) Integration by Parts
Integration by parts is a technique for simplifying integrals of t| /f(x)g(x) dx.

Integration by Parts Formula

[udv = v — /udu
/ xcosxdx.

Solution We use the formula [u dv = uv — /vu’u with

EXAMPLE1  Find

u=x, dv = cosxdx,
du = dbx, v = SInXx

Then

[.\'cusx dy = xsinx — [sin_\'d_t' = xsinx + cosx + C.

EXAMPLE 2  Find

f Inx dx.

Solution Since [ Inxdx can be written as [Inx-1dx, we use the formula
[ udv = uv — [ vduwith

u=]n,\' Simplifies when differentiated du=dj‘ Easvy t
du = _,Ll.d'.\'. v =2Xx. Simplest antiderivat
Then

/Inxdxlenx—/x-%dxlenx—]dx=x1nx—x+C.

Remark: Sometimes we have to use integration by parts more than once as follows:
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EXAMPLE 3  Evaluate

/xze"dr.

Solution Withu = x% dv = e*dx.du = 2xdx.and v = e”, we have

/xze’dr = x2e* — foe’dr.

The new integral is less complicated than the original because the exponent on x is re-
duced by one. To evaluate the integral on the right, we integrate by parts again with
u = x,dv =e*dx.Thendu = dx,v = e*, and

/xe"dx = xe* — /e‘dx = xe* — e* + (.
Using this last evaluation, we then obtain

/xze"dx = x2* - Z/xe’dr

= x%* = 2xe* + 2¢* + C. m

EXAMPLE 4  Evaluate

/e"cosxdx.

Solution Letu = e*anddv = cosxdx.Thendu = e*dx, v = sinx, and
/ e*cosxdx = e*sinx — / e*sinxdx.
The second integral is like the first except that it has sin x in place of cos x. To evaluate it,

we use integration by parts with

u=e" dv = sinxdx, v = —COSJX, du = e“dx.

Then
/e"cosxdx = e*sinx — (-—e‘cosx — / (—cosx)(e"dx))

= e*sinx + e*cosx — /e‘cosxdx.
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2/3"cosxdx = e*sinx + e*cosx + Cy.

Dividing by 2 and renaming the constant of integration give

e*sinx + e*cosx
/e"cosxdxz + C.

2

Evaluating Definite Integrals by Parts:

b b
/ fg' () dx = f)gt) ]} - / f'(0)g(x) dx
EXAMPLE 6  Find the area of the region bounded by the curve y = xe™ and the x-axis
fromx = 0tox = 4.

Solution  The region is shaded in Figure 8.1. Its area is

4
f xe " dx.
0

Letu = x,dv = e “dx,v = —e™, and du = dx. Then,

4 ) 4
/ xe “dx = —_\'e’_'r}ﬂ - / (—e™) dx
0 0

4
= [—4e™ = (0)] + f e "dx
0

4

= —4e~ - e"‘}n

= —4et —e = (=€) =1 -5~ 091. e
11) Tabular Integration

EXAMPLE 7 Evaluate

[ xZe* dx.

Solution With f(x) = x? and g(x) = e*, we list:
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Then

/xze" dx = x%e* — 2xe* + 2¢* + C.

EXAMPLE 8 Evaluate

1 .
/ X sinxdx.

Solution With f(x) = x* and g(x) = sinx, we list:

f(x) and its derivatives £(x) and its integrals
x ~— (+) sin x
I — ___T:)____m__i —Ccos X
br — _____T.;._)_ ™ sinx
6 — ___“__l'_—_l_ ™ cosx
0 e sin x

/x3 sinxdx = —x>cosx + 3xZsinx + 6xcosx — 6sinx + C.

12) Trigonometric Integrals
fscczxdx =tanx + C.
Products of Powers of Sines and Cosines

We begin with integrals of the form: / sin™ x cos” x du,

where m and n are nonnegative integers (positive or zero). We can divide the

appropriate substitution into three cases according to m and n being odd or even.

-33-



Case 1 Ifmis odd, we write m as 2k + 1 and use the identity sin®x = 1 — cos®x

to obtain

2k+1

sin” x = sin?**'x = (sin? x)*sinx = (1 — cos®x)¥sinx. (1)

Then we combine the single sinx with dx in the integral and set sin x dx equal to
—d(cos x).

Case 2 If m is even and # is odd in f sin” x cos” x dx, we write n as 2k + 1

and use the identity cos’x = 1 — sin®x to obtain

2k+1

cos"x = cos® " x = (cos?x)*cosx = (1 — sin®x)¥cos x.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 If both m and » are even in f sin” x cos” x dx, we substitute

. 1 — cos 2x 1 + cos2x
sinx = %, cos’x = % (2)

to reduce the integrand to one in lower powers of cos 2x.

EXAMPLE 1 Evaluate

. 3 3
/ sin” x cos” x dx.

Solution  This is an example of Case 1.

R | . o« 9 2 .
/ sin” x cos“ x dx = / Sin“ x cos* x sin x dx
= /(I — cos’ x) cos® x (—d (cos x))

= /u — u?)(u?)(—du)

)
= /(u4 — u-)du Mult

w o’ cos’x _ cos’x
_ M _ W o _C0SX _ cos
9 3 5 3

+C.
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EXAMPLE 2  Evaluate

/cossxdr.

Solution  This is an example of Case 2, where m = O isevenand n = 5 is odd.

/coss.tdx = /cos‘xcosxdx = /(l — sin? x)? d(sin x) cos x dx = d(sin x)
=/(l - u?) du u = sinx
= /(l - 2u® + u*) du Square 1 — «
=u—%u3+%u5+C=sinx—%sin3x+%sin5x+c. m

EXAMPLE 3  Evaluate
/ sin® x cos* x dx.

Solution  This is an example of Case 3.

2
fSiTIzXCOS‘IdX = f (] ;0521’)(] + ;0521) dx m and n both even

. %/(1 — cos 2x)(1 + 2cos 2x + cos? 2x) dx

=% (1 + cos2x — cos® 2x — cos’ 2x) dx

g |* + %sian—/(cosZZx + cos’ 2x)dx |.

For the term involving cos® 2x, we use

/coszhdr=%/(l + cos 4x) dx

integration until the final result

1 1. ln darabed
= i x + ZS"‘ 4x ). Omitting the constant of
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For the cos® 2x term. we have

/cos3 2xdx = /(l — sin? 2x) cos 2x dx '

-\ S 5 TR | SIS W S
2‘/(I u”) du Z(st\ 3 Sin Zl). R

Combining everything and simplifying, we get

e 4 o Vf 1. . 1.3,
/sm X cos” x dx 6 (.\ 4>1n4.\ + 3bln 2.\) + C. 5]

Eliminating Square Roots

In the next example, we use the identity cos’ @ = (1 + cos 20)/2 to eliminate a square root.

EXAMPLE 4  Evaluate
w/4
f V1 + cosdxdx.
0

Solution  To eliminate the square root, we use the identity

cos’ ) = % or 1 + cos20 = 2cos> 0.

With # = 2x, this becomes
1 + cosdx = 2 cos’ 2x.

Therefore,

w/4 w/4 w/4
/ V1 + cosdxdx = f V2 cos® 2xdx = [ \/5\/0053 2x dx
Jo 0 Jo

/4 w/4 cos 2 = )
= \/5/ |cos 2x| dx = \/E/ cos 2x dx on [0, /4]
0 0
L w/4
=\@[%] V2 g V2 .
0

2 2

Integrals of Powers of tan x and sec x

Weuse tan‘x =sec’x—1 and sec?x =tan’x+1
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EXAMPLE 5  Evaluate

/tan“xdx.
/lan"xdx =/tan2x'tan2xd\' = /tan2x°(scc2.r— 1)dx

*/lanz.\'seczxd.\‘ —/tanzxdx
_ 2 2 2
= /tan x sec” x dx —/(sec x — 1)dx
2 2 2
= tan“ x sec“ xdx — secxdx + dx.

In the first integral, we let

Solution

u = tanx, du = sec®x dx

and have

/uzdu = %u3 + C.

The remaining integrals are standard forms, so

/tan“xdx = %tan3x —tanx + x + C.

EXAMPLE 6  Evaluate

/ sec’ xdx.

Solution  We integrate by parts using

y )
U = Secx, dv = sec” xdx, v = tanx, du = secxtanxdx.

/ sec’ x dx

Then

sccxtan.\'—/(tanx)(secxtanxdr)

secxtanx — /(seczx — 1) secxdx tan’x = sec’x — |

= secxtanx +/sec;'dx—/sec3xdr.

Combining the two secant-cubed integrals gives
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2/sechdx= secxlaner/secxdr

and

/sechdx = %secxtanx + %ln |secx + tanx| + C.

Products of Sines and Cosines

The integrals

/ sin mx sin nx dx, / sin mx cos nx dx, and / COS X COS HX dx

) . 1

sin mx sin nx = E[cos (m — n)x — cos (m + n)x],
. 1. . )
sin mx cos nx = E[sm (m — n)x + sin(m + n)x],

1
COS MX COS X = E[cos (m — n)x + cos(m + n)x].

EXAMPLE 7  Evaluate
/. sin 3x cos Sx dx.
Solution From Equation (4) withm = 3 andn = §, we get
/' sin 3x cos Sx dx = ;/ [sin (—2x) + sin 8x]dx
= l / (sin 8x — sin 2x) dx

<~

_cos8x | cos2x

16 | 4

+ C.

15) Trigonometric Substitutions

Trigonometric substitutions occur when we replace the variable of integration by a trigonometric

function. The most common substitutions are:
If \/,2; 2 thenweuse x = atan, a* + x? =a’> + a’tan’ 0 = a*(1 + tan’0) = a?sec’ 9.
If /g2 — x2 thenweuse X = asinf a? — x? = a* — a?sin? 0 = ¢*(1 — sin?0) = a®cos* 0

2 2 2 2 2 2 2 _ 2 2
If 2 — 42 thenweuse ¥ = asec X  —a”=a"sec” —a = a“(sec"@ — 1) = a“tan” 0

-38-



a x
X x x* —a?
g (7]
a a* — x* a
x=gatan 0 x=asinl x=asecl

Va® + x* = alsec 0] Va?—x*=alcos] Vx*—a® = altan 0]

Remark : In order to get 6 we use the invers of trigonometric functions then we suppose that:

_ e T a

x = atanf, with 2<6<2,

x =asinf with —%595%,
059<% it = =1,

x = asecf with

T .
2<9‘_:17 if

o=
IA
|
—_

EXAMPLE 1 Evaluate
/ dx
V4 + _1'2.
Solution We set
x = 2tan#, dx = 2sec’ 6d6, —%f:ﬂf:%,
4+ x>=4+4tan’0 = 4(1 + tan’0) = 4sec? 0.

Then
2sec’0d0 _ [ sec’0.db VD = sl

dx a /
./ V4 + x? \V4 sec’ 0 |secd|

= /scc()d() l— 6

In |sec@ + tan@| + C

4 + x2
+

X 4 " From Fig. 8
—3 taltC

In
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EXAMPLE 2  Evaluate

x? dx
V9 — x?
Solution  We set
x = 3sinf, dx = 3cosfdb, —%<o<%

9 —x2=9—95in’0 = 9(1 — sin’f) = 9cos’ 0.

- 9 sin’ 6+ 3 cos 6 df

/\/9—x |3 cos 6|

= 9/ sin” 0 do

1 — cos 20
==

Il
o

_9(, _ sin26
_2(0 : )+c
9 . .
=5(0—sm8c050)+c
I ax _x VI=x*
2(sm 373 3 >+C
=%sin"§-%\/9—x2+€.
EXAMPLE 3  Evaluate
/L r>2
V25x2—4' 5

Solution  We first rewrite the radical as

V2552 — 4 = \/25():2 -

4

25

2
=)
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to put the radicand in the form x*> — a”. We then substitute

P 2
X - ; sec 0, dx = : sec 0 tan 0 do, 0<0<3
, 2\? ,
=153 75 Sec ()—25
4 ~\~~\) ] —— p ‘)
25(5;& 0-1) 2§ldn (

N

> 2 P,
) = % |tan 0] = Ztané.

w

Vo=

With these substitutions, we have

/ dx / dx / (2/5) sec 0 tan 6 do
N \"'/25.\': -4 . 5\/":‘3 — (4/25) . 5+(2/5)tan @

[ | ;
= 5/ sec 6 df = 5ln|sv:c() t tan 8] + (

1, [sx , V252 -4 | .
-sh (S +—=5—{ +C.

-

5 2

16) Integration of Rational Functions by Partial Fractions

This section shows how to express a rational function (a quotient of polynomials) as a sum of

simpler fractions, called partial fractions, which are easily integrated.
Writing a rational function f(x)/g(x) as a sum of partial fractions depends on two things:

* The degree of f(x) must be less than the degree of g(x). That is, the fraction must be proper. If it

isn't, divide f(x) by g(x) and work with the remainder term.

» We must know the factors of g(x). In theory, any polynomial with real coefficients can be written

as a product of real linear factors and real quadratic factors.

50— 3 A B
x?—2x =3 x+1+);—3' ()

To find A and B, we first clear Equation (1) of fractions and regroup in powers of x, obtaining

Sx—=3  _ 2 3
x2—2x—3 x+1 X_B.

5x — 3 [ 2 3
(x—I—1)(x—3)dx_/x+]dx+‘/,x—3dl

=2In|x+ 1| +3In|x —3| + C.

Sx—=—3=Ax—3)+Bx+1)=(4 + B)x —34 + B.
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A+B=5 —=34+B=-3.

Solving these equations simultaneously gives 4 = 2and B = 3.

Method of Partial Fractions ( f(x)/g(x) Proper)

1. Let x = r be a linear factor of g(x). Suppose that (x = r)™ is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the m
partial fractions:

/‘1 /‘7 44’"

— 1
e

. ; o
(x—17r) (x — r)* (x = r)"

Do this for each distinct linear factor of g(x).

2. Letx? + px + g be an irreducible quadratic factor of g(x) so that
x2 + px + g has no real roots. Suppose that (x> + px + g)" is the highest
power of this factor that divides g(x). Then, to this factor, assign the sum of
the » partial fractions:

Bix + ¢ Byx + (3 B,x + C,
2 T2 2 Tt '
x*+px+q) (x°+ px+ gq) (x* + px + g)'
Do this for each distinct quadratic factor of g(x).

3. Set the original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4. Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.
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EXAMPLE 1  Use partial fractions to evaluate

x? + 4x + 1
(x = 1x + 1)x + 3)

Solution  The partial fraction decomposition has the form

x* + 4x + 1 _.4 . B . C
(x=1x+Dx+3) =1 x+1 x+3°

To find the values of the undetermined coefTicients A, B, and C, we clear fractions and get
P Hax+1=Ax+ Dx+3)+Bx—1x+3)+Clx—1x+1)
= A +4x + 3) + Be? + 2x = 3) + Cx* = 1)
= (A4 + B+ Cx*+ (44 + 2B)x + (34 = 3B = ().

The polynomials on both sides of the above equation are identical, so we equate coeffi-
cients of like powers of x, obtaining

Coefficient of x% A+ B+ C=1
Coefficient of x': 44 + 2B =4
Coefficient of x*: 34 =3B -C =1

X2+ 4x + 1 . l At 11 |
(x — D(x + D(x + 3) 4x =1 2 +1 4x+3

= 2nfe— 1] + Sl + 1] = 3ln|x + 3] + K.

EXAMPLE 2  Use partial fractions to evaluate

ox + 7
(x +2)°
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Solution  First we express the integrand as a sum of partial fractions with undetermine
coefficients.

6x+7 _ A . B
(x+2P} x+2 (x+2)
x+ 7= A(x +2)+ B Multiply both sides by (x + 2)°
= Ax + (24 + B)

Equating coefTicients of corresponding powers of x gives
A=6 and 24+B=12+B=17, or A=6 and B = -5§.

bx+7 , _ 6 _ 5
(x+2)2d"‘r /("*2 (x+2)2)dx

= dx -2
—6/x+2 5/(.\"0—2) dx

=6In|x+ 2| +5(x+2)"+C |

Therefore,

EXAMPLE 3  Use partial fractions to evaluate

/?_1'3—4.\: —x—3dx'
2 —2x—3

Solution  First we divide the denominator into the numerator to get a polynomial plus a
proper fraction.

2x
2= -3)2 -4 - x-3
2x3 — 4x% = 6x
Sx—3
Then we write the improper fraction as a polynomial plus a proper fraction.
TR R -
2x24x X 3=2.r+ 25,\r 3
= =r=3 x¥ =20 =3

We found the partial fraction decomposition of the fraction on the right in the opening
example, so

Yl e —
/Zx 24x =3 /Zrdx+/ 5x = 3
X& -2y - 3 x—Zr—3

=/2xdx+ / 3 _ i
x—3

=x*+2In|x+ 1| +3In|x=3| + C. L]
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EXAMPLE 4  Use partial fractions to evaluate
-2x + 4
(x? + Dx = 1)

Solution  The denominator has an irreducible quadratic factor as well as a repeated linear
factor, so we write

dx.

-2x + 4  Ax + B c ,_ D
2+ Dx=172 x*+1 x—1 (x=1)

(2)

Clearing the equation of fractions gives
—2x+4=(Ux+B)x—1P2+Clx—1Dx*+1)+Dx*+1)
=4+ Ox*+ (=24 + B— C+ D)x?
+Ad=2B+C)x +(B—=C+ D).

Equating coefficients of like terms gives

Coefficients of x*: 0=4+C

Coefficients of x?: 0=-24+B—-C+ D
Coefficients of x': —2=A-2B+C
CoefTicients of x°: 4=B—-C+D

We solve these equations simultaneously to find the values of 4, B, C, and D:

-4 = —2/1, A=2 Subtract fourth equation from second
C=—4 = ) From the first equation
B = (A + C + 2)/2 = ] From the third equation and ( 4
D=4—-—B+C=1. From the fourth equation

We substitute these values into Equation (2), obtaining

-2x + 4 2+ 1 2 |
= = — + ’
+Dx-12 x2+1 x—=1 (x—=1)

Finally, using the expansion above we can integrate:

-2x + 4 — 2x+1 2 | :
a1 % /(.‘-2“ -r—l+(x—|)2)d‘

2x 1 2 1
= + - + dx
f(x2+1 x>+1 x—1 (x—])z)
1
x—1

=In(x*+1)+tan”'x —2In|x — 1] — + C.
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EXAMPLE 5  Use partial fractions to evaluate

/ dx
x(x2 4+ 1)

Solution  The form of the partial fraction decomposition is

1 :i+Bx+C Dx + E
Mx2+12 F 2+1 (x2+1)7

Multiplying by x(x? + 1)?, we have

1 =Ax*+ 12+ (Bx + Ox(x2 + 1) + (Dx + E)x
=A(x* + 2x2 + 1) + B(x* + x?) + C(x® + x) + Dx* + Ex
=(A+Bn*+C*+ (A +B+D)x*+(C+Ex+ A4

If we equate coefficients, we get the system

A+B=0, C=0, 2A+ B+ D=0, C+E=), A=1.

Solving this system gives 4 = 1,8 = —1,C = 0,D = —1,and £ = 0. Thus,

dx 1 —X —X
—2 [ =+ +
/Jc:{x2 + 1) _/ [x 2+1 (x*+1)?

/dr / xdx [ xdx
2+ 1 (x2 + 1)
=/ /__l du u x* + 1,

= Inlx| = 3nJu| + 5+ K

—L_
2x2 + 1)

Il

In |x| = %ln(x2 +1) +

| x| I

In + +
Vi1 23 +1)
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The Heaviside “Cover-up” Method for Linear Factors

When the degree of the polynomial f(x) is less than the degree of g(x) and

gx) =(x=rn)x=r):(x —=r,)
there is a quick way to expand f(x)/ g(x) by partial fractions.
EXAMPLE 6 Find 4, B, and C in the partial fraction expansion

x2+ 1 A B C
(I—I){x—2){x—3)_x—l+x—2+x—3' (3)

Solution  If we multiply both sides of Equation (3) by (x — 1) to get

x2 + 1 B Blx—1) Clx—1)
(x—Z)(x—3)_A+ x—2 T x=3

and set x = |, the resulting equation gives the value of A:

(1P + 1
(1 =2)(1-3)

A=1.

=A+0+0,

Thus, the value of 4 is the number we would have obtained if we had covered the factor
(x = 1) in the denominator of the original fraction

x2+ 1
(x = x = 2)(x = 3)

(4)

and evaluated the restat x = 1:
(12 + 1 2

[c-nla-20-3 EDE2)

Cover

A

Similarly, we find the value of B in Equation (3) by covering the factor (x — 2) in Expres-
sion (4) and evaluating the restat x = 2:

(27 + 1 s
2-3 M=

B =
Q-1|Gx-2

N

=3

Cover

Finally, C is found by covering the (x — 3) in Expression (4) and evaluating the rest at
x=3:
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(3 + 1 10
B-1D3-2) -3 @)

'

C= 5. -

Cover

EXAMPLE 7 Use the Heaviside Method to evaluate

+ 4
f}xz dx
x7 + 3x° — 10x

Solution  The degree of f(x) = x + 4 is less than the degree of the cubic polynomial
g(x) = x* + 3x% — 10x, and, with g(x) factored,

x+4 _ x+4
P2 —10x x(x—2)x +5)°

The roots of g(x) are ry = 0,r2 = 2,and r3 = —5. We find
A = 0+ 4 _ 4 _ _3
-0+ 263

o

Cover

2l-2]@+s5 @0 7
]
Cover
(=5)0(—5 — 2]'| (x + 5) (=5)(=7) 35
Cover
Therefore,
x+ 4 _ _i N 3 _ 1
x(x = 2)(x + §5) 5x Ix—=2) 35(x +5)°
and
x+ 4 2 3 1
= —— + = — -
fx(x—Z}(x+5)d't sinlx] +ZInjx = 2] = 55in|x + 5] + C.
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Other Ways to Determine the Coefficients

EXAMPLE 8 Find 4, B, and C in the equation

x=1 _ A B + C
x+1)>} x+1 x+17? G+1)

by clearing fractions, differentiating the result, and substituting x = —1.

Solution We first clear fractions:
x—=1=Alx+ 12 +Bx+1) + C.

Substituting x = —1 shows C = —2. We then differentiate both sides with respect to x,
obtaining

1 =24(x + 1) + B.

Substituting x = —1 shows B = 1. We differentiate again to get 0 = 24, which shows
A = 0. Hence,
x—1 _ 1 — 2
(x+1P @E+12 @x+1)7*

EXAMPLE 9  Find 4, B, and C in the expression

.2
x“+ 1 A B C
x=1Dx=2)(x=-3) x-—1 xr—2 " x—3

Solution  Clear fractions to get
x2+ 1 =A(x = 2)(x = 3) + B(x = 1)(x = 3) + C(x = 1)(x = 2).

Then let x = 1, 2, 3 successively to find 4, B, and C:
x=1: (12 + 1 = A(—=1)(=2) + B(0) + C(0)

2=24
A=
x=2: (2% 41 =A4(0) + B(1)(—=1) + €(0)
5=-B
B=-5
x=3 (37 +1=4(0) + B0) + C(2)(1)
10 = 2C
C=35,
x2+ 1 1 5 5

G- —-2(x=3) x-1 x-2 " x=3°
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