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Exact Differential Equations of First 
Order and First Degree 
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aM aN 
-=-
By ax 



~(:r,y)dx + N(x,y)1dy = 0 

a11· iJN • I .., •• ] - = - I.J i_1JU .. · 
a.)' as -

f Mdz+J nd)'=O 

f Ndy+ I m.dr= 0 



Exiample Solve the differential equation: 

(yex + 2xcosy)dx + (ex - cosy- x 2 siny)dy = 0 

Sol,aun,: 

M = yex + 2xcosy ➔ iJN = ex - 2xsiny 
iJy 

N = ex - cosy - x 2 siny ➔ aN = ex - 2xsiny 
iJx 

iJN iJN 
➔ -=ay ax 

The differential equation is exact and the general solution is: 

f M dx + f n dy = 0 

➔ f (ye x + 2x cosy) dx + f - cos y dy = 0 

I:. yex + x 2 cosy - siny + c = oJ 



Examplf' Solve the differential equation: 

(eY + x sinxy)~ + y:sinxy = 0 
dx 

Solutio,i: y sinxy dx + (eY + x sinxy)dy = 0 

M 
. iJN • 

= y SID xy ➔ iJy = y COS xy . X + SID xy 

= xy cos xy + sin xy 

N 
y . iJN • 

= e + x sm xy ➔ ax = x cos xy. y + sm xy 

= xy cos xy + sin xy 

iJM iJN Th .1:A": tial . . d . I . . 
➔ iJy = "a;• e wueren equatlon ts exact an tts so utton ts: 

f M dx + J n dy = O ➔ I -cos xy + eY + c = o j 



♦ (x2 + y2 )dx + 2xydy = 0 

♦ ( 4x3y 2 - 2xy)dx + (2x4y - x 2 )dy = 0 

♦ (3e 3xy - 2x)dx + e3xdy = 0 
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Example Solve the differential equation: 

𝑥𝑦′ − 2𝑦 − 𝑥3𝑒𝑥 = 0 

Solution: 

𝑦′ −
2

𝑥
𝑦 − 𝑥2𝑒𝑥 = 0    

𝑑𝑦

𝑑𝑥
−
2

𝑥
𝑦 = 𝑥2𝑒𝑥 , 𝑃 𝑥 = −

2

𝑥
 , 𝑄 𝑥 = 𝑥2𝑒𝑥 

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 

𝑒 −
2

𝑥
 𝑑𝑥 = 𝑒−2  

𝑑𝑥

𝑥 = 𝑒−2 ln 𝑥 = 𝑒ln 𝑥
−2
= 𝑥−2 =

1

𝑥2
  



Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 

𝑒 −
2
𝑥
 𝑑𝑥 = 𝑒−2  

𝑑𝑥
𝑥 = 𝑒−2 ln 𝑥 = 𝑒ln 𝑥

−2
= 𝑥−2 =

1

𝑥2
 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 + 𝑐 

𝑦

𝑥2
=  

1

𝑥2
. 𝑥2𝑒𝑥 𝑑𝑥 + 𝑐  

𝑦

𝑥2
=  𝑒𝑥𝑑𝑥 + 𝑐  

𝑦

𝑥2
= 𝑒𝑥 + 𝑐 →   𝑦 = 𝑥2𝑒𝑥 + 𝑐𝑥2  



Example Solve the differential equation: 

𝑥
𝑑𝑦

𝑑𝑥
− 𝑎𝑦 = 𝑥 + 1  

Solution:  

𝑑𝑦

𝑑𝑥
−
𝑎

𝑥
𝑦 =

𝑥+1

𝑥
  

                                𝑃 𝑥 = −
𝑎

𝑥
 , 𝑄 𝑥 =

𝑥+1

𝑥
 

𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒 −
𝑎
𝑥 𝑑𝑥 = 𝑒−𝑎  

𝑑𝑥
𝑥 = 𝑒−𝑎 ln 𝑥 = 𝑒ln 𝑥

−𝑎
= 𝑥−𝑎 =

1

𝑥𝑎
 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 + 𝑐 



𝑦

𝑥𝑎
=  

1

𝑥𝑎
.
𝑥+1

𝑥
𝑑𝑥 + 𝑐  

𝑦

𝑥𝑎
=  

𝑥+1

𝑥𝑎+1
𝑑𝑥 + 𝑐  

𝑦 = 𝑥𝑎  𝑥 + 1 . 𝑥−𝑎−1𝑑𝑥 + 𝑐   

   = 𝑥𝑎  𝑥−𝑎 + 𝑥−𝑎−1 𝑑𝑥 + 𝑐   

   = 𝑥𝑎
𝑥−𝑎+1

−𝑎+1
−
𝑥−𝑎

𝑎
+ 𝑐  

   =
𝑥

−𝑎+1
−
1

𝑎
+ 𝑐𝑥𝑎 

H.w. 

 𝑥 + 1
𝑑𝑦

𝑑𝑥
− 𝑛𝑦 = 𝑒𝑥 𝑥 + 1 𝑛+1  

 𝑥2 + 1
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 4𝑥2 


