Functions and their graph
Definition:
Let A and B be a nonempty sets, then the function from A to B is a rule that assigns
to each element of A exactly one element of B:
(Vx €A, 3y € B such that f(x) = y).
I.e we say that :

f={(xy)|xeAandyeB, A, Bnonempty sets} is a function if whenever:

(x,y1) € fand (x,y2) € f = y1=y».

Remarks:
The set A is called Domain f (Dom f) and B is co- domain (Co-Domf) and f(A) is

the range of the function f.

Examples:

Set X Set X SetY
a
b
C

Function

Set X Set X SetY
a a >
: =
c C

Not function Not function




Some tvpes of functions:

1- One to One function (injective):

A function f is one to one (1 to 1) if no two elements in the domain of f
correspond to the same element in the range of f.
In other words, each x in the domain has exactly one image in the range. And
no y in the range is the image of more than one x in the domain.

, #1 function
not 1tol

{(29),(45),(L5)}
° ]
4

11

Domain Range

#2 1to1 function

{(29),(4,6),(11,5)}

2
|
1)

Domain

Range

wiw mathwarehouse.com

2- On to function (surjective):

An on to function is such that for every element in the codomain there exists an
element in domain which maps to it i.e f(A) = B.




ONTO FUNCTION

Surjection Not a surjection

\ A \ A
=

3- Constant function:

A function f: X—Y is called constant function if f(x) = c, for all x €X and ceR.

( R the set of real numbers).

Constant Function

Domain

constant




Example: f: R —» R defined as f(x) =4, forall x € R.
4- ldentity function:

The function f is an identity function as each element of A is mapped onto itself.

Mathematically it can be expressed as: f(a) =a, Ya € A (Dom f = Co-dom f). The
function f is a one-one and onto.

A

f
1 »
2 \ ’
3 } »
4 »
5 ] »

5- Polynomail function:

A polynomial function is a function that can be expressed in the form of:

f(X) =an X"+ an1 XN +as X2 + a1 X+ ap
Where a, # 0 and ap, ai,..., a, € R. The highest power of the variable of f(x) is
known as its degree. The domain of a polynomial function is entire real numbers

(R).
Types of Polynomial Functions

There are various types of polynomial functions based on the degree of the
polynomial. The most common types are:

« Zero Polynomial Function: f(xX)=a=ax’ , for Ex: f(x) =4
« Linear Polynomial Function: f(X) =ax + b , for Ex: f(x) = 2x+3
« Quadratic Polynomial Function: [iEIGRORRE . for Ex: f(x) = x>+2x-3

« Cubic Polynomial Function: f(x) = ax3*+bx*+cx+d ,
for Ex: f(x) = 2x3 + 4x24+x+7




1. The polynomial function is called a Constant function if the degree is zero.
2. The polynomial function is called a Linear if the degree is one.

3. The polynomial function is Quadratic if the degree is two.

4. The polynomial function is Cubic if the degree is three.

6- Even and Odd functions:

DEFINITIONS A function y = f(x) is an
even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

The graph of an even function is symmetric about they-axis. Since f( -x) = f(X) , a
point (x,y) lies on the graph if and only if the point (-x, y) lies on the graph . A
reflection across the y-axis leaves the graph unchanged.

The graph of an odd function is symmetric about the origin. Since f( -x) = - f(x) , a
point (x,y) lies on the graph if and only if the point (-x, -y) lies on the graph.




f(1)=1
(HhH
B
-1 =
f(-X) = f(X) MathBits
even

Function Even, Odd, or Neither?
f(x)=3x"+8 f[—xj=3[—xj2+8=3x2+3=f[xj

' Even!

- f(—x)= (—x]s —4(—x)=—x" +4x
fl:)f]:}(:—-q}( =_{XE_4X}=_f|:NJ

Odd!

f(—xj :2(—sz —(—x)—-1=2x"+x-1
—f[xj=—[’_2x2 —,!f—:'L:|=—2}-c2 +x+1
f(—x)= f(x)=—f(x)

MNeither!

flx)=2x"—x-1

7- Rational function:
A rational function is any function which can be written as the ratio of two

polynomial functions.

f(x) = ggg , where Q(X) # 0.




8- Square root function:

The principal square root function f(x) = v/x (usually just referred to as the "square
root function") is a function that maps the set of nonnegative real numbers onto itself
(f: R*U {0} - R*uU {0}).

For example:

o f(X)=Vx+9
o f(x)=V16 — x2

Riccewise=-Delined Funetions

Sometimes a function is described by using different formulas on different parts of
its domain. One example is the absolute value function (jx| = Vx2).

B X, x =10
|x|— —X, x <0

Examplel:

Example 2: the function

—X, x <0
flx) = x2, D0=x=1
1 x> 1
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How to find the domain and ranoe of function:

Example: Find the domain and range of the following functions:

Solution:
1- y=x3
Domf=R ,Ranf=R
2- y=x2
Domf=R , The range of y = x? is [0, o) because the square of any real number
is nonnegative and x = ,/y , x to be real y> 0.

3- y=+x
Dom f=R"uU {0}

Ran f = R*U {0}, (The range of y = v/x can be found by y>0 and x = y? so
range = [0, ))

xR

4- y =
Dom f = R\ {0} or (-0, 0) U (0,0)
Rang f = R\ {0}
5- y=v4—x
4-x>0=x<4
Dom f = (-o0, 4]
Rang f: firsty >0, second x = 4 — y2-> range =[0, ).




6- y=v1—x2

1-x2>0 =>x<+1

Dom f=1-1,1], Rang f =[0,1]
7-y=2
Domf=R, Rang f = {2}.

Granhs of Functions

If f is a function with domain D, its graph consists of the points in the Cartesian
plane whose coordinates are the input-output pairs for f. In set notation, the graph is

{(x, f(x)) / xeD}.

EXAMPLE 1: The graph of the function f(x) = x + 2

Domf=R

o N | X
o R N DN W<




EXAMPLE 2: Graph the function y = x? over the interval [—2, 2].

Domf=R

X y
1 1
2 4
0 0
-1 1
-2 4
Example 3: Graph the function:
y
X, x =0 T
x| = { ' y = ||
—X, x < U, V= —X 3
' V=X
’2 -
Domf=R 1k
Rang f = [0, o) L L
-3 -2 -1 0 1 2




x>0 x< 0
X y X |y
0 0 111
1 1
2 2 2|2
-3 |3
Example 4: Graph the function:
—X, x <0
fx) = x?, 0=x=1
1, x > 1
x>1 0<x<1
y=1 y=x:
X y X y
2 1 0 0
3 1 1 1
2 4
1 1
y
¥ = —x y = f(x)
2 -
y =1
] B .
y=x?
| | | | > x
-2 -1 0 1 2

x< 0

y=-X




Example 5: Graph the functiony = 4

A Constant Function Graph

0
:
.1 fixl=4
IrIII rE I-S 11 : 2] rZ i :f Ilil
.
2]
-10
Graphs ol special funetion:
y y=x v y = x2 Yoy =x Y y—.r4
I 1+ 1 1k
| | x | | N | | | |
-1 /10 1 -1 0 1 -1/0] 1 -1 0] 1
-1 -1+ -1 -1+




Domain: x # 0
Range: vy # 0

y y
! y = Vx
31—
1+ y= Vx
1 —
1 1 > X
0 1 0ol 1
Domain: 0 = x < w Domain: —= < x < =
Range: 0=y<w Range: —-o<y<ox

Vertical Shifts

y=fx) +k

Horizontal Shifts

v = f(x + h)

X
1

Domain: x # 0
Range: v >0

Domain: 0 =x < =
Range: 0=y<=

Shifts the graph of f up k units if k£ > 0

Shifts it down | k|units if £ < 0

Shifts the graph of f left h units if 2 > 0

Shifts it right | h|units if A < 0




Example: y = x?

Add a positive
constant to x.

y=(x +3)?

-

NE

/2 units

Add a negative
constant to x.

y=x> [y=(x—2)7

-3 0

Reflectinoe a osraph of a function:

1- y = -f(x)
2-y = 1(-x)

Reflects the graph of f across the x- axis.
Reflects the graph of f across the y- axis.

Example: The graph of y = -v/x is a reflection of y = v/x across the x-
axis and y = v/—x is a reflection of y = /x across the y- axis.




Sums. Differences. Products. and Ouotients

(f+ 9)(x) =f(x) + 9(x).
(f- 9)(x) =1(x) - 9(x).
(Fg)(x) =f(x)g(x).
At each of these functions the domain = domain (f) N domain(g)

At any point of domain (f) N domain(g) at which g(x) # 0, we can also define the
function f/g by the formula:

(é)(r) = 23 (where g(x) # 0)

Functions can also be multiplied by constants: If ¢ is a real number, then the
function

cf is defined for all x in the domain of f by (cf)(x) = cf(x).




EXAMPLE 1  The functions defined by the formulas
flx) = Vix and gx) = V1 —x

have domains D(f) = [0, 00) and D(g) = (=00, 1]. The points common to these do-
mains are the points

[0, 00) N (=00, 1] = [0, 1].

The following table summarizes the formulas and domains for the various algebraic com-
binations of the two functions. We also write f + g for the product function fg.

Function Formula Domain

f+e (f +2)x) = Vx+ V1 —x [0, 11 = D(f) N D(g)
f—g (f—2)x = Vyx—-V1-x [0, 1]
g—f (g—Hx)=V1—x—Vax [0, 1]

f-g (f-g)x) = fx)gx) = V(1 —x) [0,1]
f/ i( ) = /) - = [0, 1) (x = 1 excluded)
§ g T g V1 —x
g, . 8gk)  [1-x o
glf 7 (x) ) -\ ® (0, 1] (x = 0 excluded)
Operations with Functions
Add Functions Subtract Functions
Add f(x) = 4x— 5 and g(x) = 2x Subtract f(x) = 4x—5 and g(x) = 2x
(f+ g)(x) (f—g)(x)
= f(x) + g(x) = f(x) — 8(x)
=4x—5+2x =4x—5—2x
=fBx—5 =2x-5
Multiply Functions B R
Multiply f(x) = 4x — 5 and g(x) = 2x  Divide f(x) = 4x — 5 and g(x) = 2x
(feg)x) f ( _)_f(x‘)
= f(x) * g(x) g *)= 2(x)
= (4x—5) 2x ' Ax—5
= 8x2 — 10x =




Composite Functions

Definition: If fand g are functions, the composite function fog is defined by

(FO 9)(x) = T(9(x)).

The domain of fog consists of the numbers x in the domain of g for which g(x) lies
in the domain of f.

X — g g(x) I ey [( (X))

(fog)lx)= flg(x))

This is read “f composition g” and means to copy the f
function down but where ever you see an x, substitute in
the g function. l

flx)=2x2+3 glx)=[4x*+1
\ 2 |
Fog=2[@n +1 45 i,
multiply 2

=32x°+16x° +2+3=32x°+16x" +5

10




(g f)lx)=glf(x)

This is read “g composition f’ and means to copy the g
function down but where ever you see an x, substitute in
the f function.

1lx) :[2x2 +3] g(x)=4x’ +1
4/Youcould multiply

2 3 this out but since it's
go f = 4(2x + 3] +1 tothe 3¢ power we

won't

EXAMPLE 2 If f(x) = Vxand g(x) = x + 1, find
(@) (f ° g)x) b) (g° NHx)  (© (fo Hlx) (@ (ge°g).

Composite Domain
@ (f ° Q) = fgx) = Vex) = Vx + 1 [—1, 00)
) (g° Hx) =g(fx) = fx) + 1= Vx + 1 [0, 00)
© (f° Hx) = f(fx) = Vf(x) = VVx = x'/* [0, 00)
d (gegx) =glglx) =gx) +1=x+1)+1=x+2 (—00,00)

11




Chapter Two

2.1 Trigomometric Functionss

Trigonometric  functions  (also  called circular  functions, angle
functions or goniometric functions) are real functions which relate an angle of
a right-angled triangle to ratios of two side lengths (defined as ratios of two sides of a right
triangle containing the angle) and can equivalently be defined as the lengths of various

line segments from a unit circle (a circle with radius of one).

hypotenuse .
opposite

'Il"} —

adjacent

I :
Siﬂﬂ:ﬂ cscszﬁ
hyp opp

adj by
cos 6 — 4 sec B — }I.j
hvp adj

adj

tan @ — PP cot 0 — =
adj opp

1|Page
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180

. ks ) .
I radian = —— (&~ 57.3) degrees or | degree = m(?ﬁ 0.017) radians.
Degrees —180 —135 —90 —45 0 30 45 60 9 120 135 150 180 270 360
o di - =37 -—m =7 T m @ T 2 3w 57 3m
6 (radians) T 4 2 2 0 6 4 3 2 3 4 6 T 2 2

Notice, also that whenever the quotients are defined:

__ sin 0@ i o 1
tan 8 = cos 0 cotf = an 0
e — 1 o — 1
sec 6 = cos 0 csc 0 = sin @

Some properties of trigonometric functions:

1 0dd
Even sin(—x) = —sinx
cos(—x) = cosx tan(—x) = —tanx
sec(—x) = secx cse(—x) = —cscx
cot(—x) = —cotx

2|Page




Definition: A function f(x) is said to be periodic function if there is a positive

number p such that f(x+p) = f(x) for every value of x.

2. The six basic trigonometric functions are periodic:

tan(x + ) = tanx
cot(x + ) = cotx

sin(x + 2m) = sinx

cos(x + 2m) = cosx

sec(x + 2m) =
csclx + 277) = cscx

S€C X

v

Domain: —oo << x = oo
Range: -1 =y=1
Period: 2w

(a)

L '4_1—
Domain: x =+ R
Range: v=-lorv=1
Period: 2
(d)

‘I/\1 = sinx
aw

|

|

|

|
-k _x 0] = ﬂ
TN

Domain: —oo << x << oo
Range: -1 =y=1

Period: 27
(b}

¥
¥ = ¢sCcx

RO
RS

Domain: x # 0, *, =2, ...
Range: y=-lory=1
Period: 27

(e)

U

tan x

/

AL

T

Domain; x =+ T —T'F
-2 2
Range: oo < Yy < o0
Period: (©)
v
v = cotx

Domain: x #= 0, +a, =27, . ..

Range:
Period: =

L

(N

3|Page




Somue 1 avys:

cos 20 = cos*f — sin @

cos’ O + sin® 6 = 1. sin20 = 2sinf cos @
1 + cos 26
c0s 20 = cos® 0 — sin’ 6 cos” 0 = 2
sin26 = 2sin 6 cos 0 5.1 =cos20
sin“f = ———

2

1 + tan? 6 = sec? O

5 5 cos(4 + B) = cosAcos B — sinA4sin B
1 + cot“6 = csc“ 6

sin(4 + B) = sinA4 cos B + cosAsinB

The limit of a function is the behavior of that function near a particular input.

Definition 1: Let f be a function defined on some open interval that contains the
number a, except possibly at a itself. Then we say that the limit of f(x) as x
approaches a is L, and we write:

limf(x) =1L
xX—-a
Definition 2: The limit of the function f(x) exists if and only if
lim f(x)=lim f(x)=L
xX—a xX—a
Some limits:

(a) If fis the identity function f(x) = x, then for any value of x,,,

lim f(x) = lim x = xq
X=—>Xxp X—*Xp

(b) If f is the constant function f(x) = k (function with the constant value k), then:

lim f(x) = lim k = k.

X=Xy XXy
For example:

limx =3 and lim (4) = limz(4) = 4,
Xx—

x—3 x—=7

4|Page
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THEOREM 1—Limit Laws If L, M, ¢, and k are real numbers and
lim f(x) = L and lim g(x) = M, then

1. Sum Rule: Iim(f(x) + gx)) =L+ M
2. Difference Rule: Im(f(x) —gx)) =L —M
3. Constant Multiple Rule: lim(k- f(x)) = k- L
4. Product Rule: lim(f(x)-g(x)) = LM
X—*c
X
5. Quotient Rule: EE}, g((x; = %, M #0
6. Power Rule: Iim[f(x)]” = L”, n a positive integer
X—>C
7. Root Rule: lim ¥ f(x) = \%’j =L na positive integer
X—*¢
(If n is even, we assume that lim f(x) = L > 0.)
THEOREM 2—Limits of Polynomials
If P(x) = apx" + ap_1x"" 1 4+ -+ + ag, then
hm P(x) = P(C) — anc,?f + a”_lcn—l 4+ . 4+ ao.

X—c

THEOREM 3 —Limits of Rational Functions

If P(x) and Q(x) are polynomials and O(c) # 0, then
. Plx)  Ple)
l[im = i
x—e Ox)  Olc)

5|Page




EXAMPLE:

(a) lim(x® + 4x*> — 3) = lim x> + lim 4x?> — lim 3

X—c Xx—>c X—* X—>
3 2
=c¢” + 4cc— 3

lim(x* + x2 =1
4 -+ I2 - 1 :c—>c( )

b) lim = =
(b) x—c  x* 45 lim(x? + 5)
X—c
lim x* + lim x% — lim 1
X—* X—C X—>
lim x2 + lim 5
X—*C X—*¢
_ et 4+ 2 =1
¢+ 5
EXAMPLE:
pooxX ta?—3 (D HAED -3 0
Hm 2 - 1) 6
x 1 x“+ 5 ( l) + 5
EXAMPLE:
2 _ = o (x=Dx+2) =
Cox2 4+ x—=2 lim & .ox+2 _1+2
mT o Tl (- 1) mTy = 73

]

x-0 X

Example: Find 1. lirg |x] 2. 1lim
xX—

Solution: 1.

X, x =0
|x|= —X, x <0

lim |x| = lim x=0=1L,
x—-0* x—0*

lim [x| = lim —x=0=L;,L; =Ly = lim |x|=0.
x—0" x—0" x—0

6|Page




m:{ 1 x<0
-1 x>0

. X .
lim X lim1=1=1L,
x—-0" X x—0*

lim Ll lim = —-1=1L,
x—-0" X x—0"
L;#L,

=~ f(x) has no limit at x = 0.

Exercise: Evaluate the following:

1. lim

2 lm =

. x2+100-10
3. limY¥E——
x—0 X

7|Page




2.3 Continuity of Functions:

Definition of Continuity

A function fis continuous at x = a when:

1. fla) is defined
2. ljﬂfl?f(-f) exist

3. Im 7(x) = f(a)

If any one of the conditions is not met, the
function is not continuous at x = a.

A continuous function is simply a function with no gaps. A function that you can draw without
taking your pencil off the paper. Consider the four functions in this figure.

The first two functions in this f
figure f (xX) and g(x) have no
gaps, so they’re continuous.
The next two p(x) and g(x) have
gaps at x = 3, so they’re not
continuous.

¥ g ¥

8|Page




Example 1:

Is f(x) = x? is continuous at x = 3?

Solution:
1. f(3)=9
2. lim f(x) =limx?=9
x—3 x—3
3. f(3) = lim f(x)
x—3
= f(x) is continuous at X = 3.

In general f(x) = x? continuous at all X € R.

Example 2:
4x—2 x>2
Is f(x) = { 2 x =2  continuous at x = 2?
3x x <2
Solution:
1. f(2)=2

2. lim f(x)= lim4x —2 =4(2) -2 =6.
x—2% x—2%
lim f(x)=lim (3x) = 3.2 = 6.
xX—2 xX—2°
lim f(x) = lim f(x) = limf(x) =6.
x—27t x—2 x—2
3. f(2) # lirr%f(x) )
X—
4. . fisnot continuous at x=2.

9|Page




Example 3:

x2-4

|Sg(X)={x—2 X#2
4 x =2

Continuous at x=27?

Solution:
1. g2)=4
2 lim x%-4 ~ lim (x=2)(x+2) —4

x-2 X=2  x-2 (x=2)

3. 9(2)=lim g(x) =4

= g(x) is continuous at x=2.

10| Page




Chapter Three

DEFINITION  The derivative of a function f at a point x;, denoted f'(xy), is

f(xo + h) — flxo)

J'(xo) = }:h—IPO p

provided this limit exists.
Example: Use definition of derivative to find the derivative of f(x) = x2.

Solution:

dy

Y _ o~ lim flx+h)=f(x)
dx

h—-0 h
. (x+h)?-x2
h
x%+2xh+h?-x2 h(2x+h) _

= lim ———= = lim 2x+h = 2x.
h h—0 h h—-0

Use definition of derivative to find the derivative of f(x) = v/x.

Solution:

ay  , lim Vx+h—Vx , Vx+h+Vx
ax Y h—0 h Vx+h+/x

xX+h—x

. . h - 1 _ 1
m h(Vx+h+vVx) }11_r>r(1) h(Vx+h+vx) }11_r>r(1) Vx+h+vx) 2%

Use definition of derivative to find the derivative of f(x) = || is not
differentiable at x = 0.

Solution:

dx h—0 h

d_y "= lim f(x+h)—f(x)

. |x+h|—|x|
m-——-




O — Tiw [0FRIZIO] _ 1o | _ (1 h=>0
y'(0) }115% h _}11—r>r(l)h_{—1 h<0'

function f(x)=|x| is not differentiable at x = 0.

The limit does not exist, so the

Basic Derivatives Rules

d
Constant Rule: —(¢)=0
ax

Constant Multiple Rule: di[cf(x)] =cf '(x)
X

d , » -
Power Rule: —(x"*) = nx"?

ax

Sum Rule: %[f(x)— g(x)] = f(x)+ g'(x)

Difference Rule: %[f(x) —g(x)] = f{(x)—-g'(x)
X

Product Rule: 2 f()2(9)]= F(R)g(0)+ gD ()

df]_ g f(x)-flx)g'x)

Quotient Rule: — = p
dx| g(x) | [g()]°




!xample 1 — Using the Power Rule
(a) If f(x) = x8, then f(x) = 6x5.
(b) If y = x990 then y’= 1000x2°°,
L -
(c) If y=t* then =7 =41,
d

(d) =5 (r') =3p

dr

3

Lety =~ "X~ 2 Then
- + 6

N ‘ !
O $8) G ta =) = F £ =D 4§

dx dx
(x* + 6)?

h =
.\‘ W

(" +6)@2% + 1)~ *+ 2 — 2)(EF)
(_\__': 4 6):

_ Pxt ¥+ 12+ 6) - 0" + 37— &)
(x* + 6)°

—x*—=2x '+ 6x*+ 12x + 6
(‘\A,‘v A 6)2

I xamples: Find Z—Z for the following functions:

2_
1. y=2x3+45x2+2 2.y=(4x%1) (7x3+x) 3.y= it

x4+1




Second- and Higher-Order Derivatives

dy\ _ dy'
_d (Zy) =2 =y = DA = DS,

_ 4y

o = P

Example: The first four derivatives of y = x* — 3x? + 2 are

3x% — 6x

ox — 6

First derivative:

Second derivative:

yl’
yﬂ

Third derivative: y" =6
y(4J

Fourth derivative: = 0.

Derivatives ol triconometric functions:

Original Rule Generalized Rule (Chain Rule)

d

—sIn X =CO0s X
dx
—COSX=-sinX
dx

— fan X =sec°Xx

: u
—sinu=cosu—
dx

" U
—_—CcoSu=-5nu —
dx

du

o
fan u=secu —

— cot X = - cosec* X
dx

, du
cot u= - cosecu —
dx

— SeCX=SeCcXxtanx
ax.

— C0Sec X = - cosec x cot

U
secu=secutanu —
dx

u
COsec U= - cosecu cotu —
dx
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sinx secx

Example: Find f'(x) where f(x) =

1+x tanx
Solution:

_ (14+x tanx)(sinx .sec x tan x+secx.cosx)—(sinx secx)(x. sec’x+tanx .1)

f'(X) B (1+x tanx)?

dy du
T dudx'

. Ify =1f(u) and u = g(x), then & —

2= f (g(x) g(x)

dy
CIfy = (1) andng(t),thenfl—i:%.

dt

Example: Lety = u'® and u = x® +7x+1, find Z—i’
Solution:
221007, =32 +7 5 2 =2 2= (10 1), (3% +7)
= [10(x3 +7x +1)°]. (3x? +7)
Example:

= (C+HTX+1)0 - Z—z = [10(x3+7x+1)°]. (3%x%+7)
Example:
Let y=t? and x = 5t +2, find Z—z.
Solution:

dy dy dy/ 2 x-2
=2t,E=5-2=_d-2 223
dt dt dx x/ dt 5 55




Inaplicit Differentiation:

Differentiate both sides of the equation with
respect to x

Move all — terms to the left side, and all other
terms to the right side

y ;
Factor out % from the left side
ax

Solve for ', by dividing

dx

Example: Flnd |f5y +siny = X2,

Solution:

10y%+cosy%=2x

(10y +cos y) % = 2X

ay _ 2x
dx (10y+cosy)

Example: Fmd |f a’w? +b? x2 =1 where a, b are constant.

Solution:

dw _ 2- b?2x _ —b%x
dx _ 2a%w azw

2a’w +2 b’x=0 -




Definitionl: A function of the formy = f(x) =a*,a > 0.
Example: y = 28I |y = 33x*1

Properties:

3. (aX)n = anx

If a = e in definition 1, theny = e'® is called natural exponential function.

e =2.7182828 = 2.7
Di=R, R ={y:y> 0}

lime* = o, lim e*=0

X—C0 X—>—00

Graph f(x)=e®

f(x)=e* e=2.718

X e =2.718% f(x)

2 e2m271872 0.135

1 elm27187! 0.368 Flx)=e"
0 eﬂ =z.713° 1

1 & =2718' 2718

2 e =2.718% 7.389




Properties:

1. eX .Y =Xy

3. (ex)n = @™

ILogarithns;:

A function of the form y = log,u( x) is called logarithm function of u(x) with
basisawhere0<a #1.

Properties:

1. log,(x.y)=log, x +log,y

2. logai =log,x-log,y
3. log,x"=nlog, x
4. log,a=1,log,1=0.

Example:

Solve for x
logs(5%%) =8
2Xxlogs5=8

2x (1) =8 = x = 4.




The Natwral Logarithns:
Ifa=e,thenlog,x =Inx
y=f(x)=Inx
Di=R",Rf=R.

¥ = In{x)

Properties:

.InxX.y)=Inx+Iny
. In (i) =Inx - Iny.

.InxX"=nlnx
.In1=0,Ine=1

 du

dx
dy du
= e — =V —
Ify=e ,thendx e —

: Ify:a“,then%:a Ina

_ v _1 du
. Ify=log, u, then dx—ulogaedx

— dy _
. Ify=Inu, then Tx




Examples: Find % of the following functions:

d
. y=5% :d—z: 5 In 5. 2x

ﬂ:ezx_2+ 1

e 2X+ 2+ +
. y=e“*+In (5x° +7X 1):dx T

(10x+7)

10x+7

=2. %+ ———.
5x2 +7x+1

Example: Find the value of x :
21n\/m+ln(x—3) =In5

Solution:

2In (x+1)*2+In(x —3) =In5

2-In (x+1) +In(x — 3) =In5
In[(x+1).(x-3)] =In 5 = In(x?>-2x-3) =In 5
e In(x?-2x-3) =eIn5 = x?-2x-3=5

= x2-2x-8=0

(x-4)(x+2)=0 = either x=4 or x= -2 Jeg = X =4.




Chapter Touwr

The integration is a method to calculate the areas and volumes of triangles,
spheres, cones and other more general shapes and has many applications in
statistic, economics, sciences and engineering.

There are two types of integral are definite and indefinite integral.

The symbol for the number of integral in the definite integral is :

b
/ f(x) dx = F(b) — Fla).

Which is read as the integral from a to b of f(x).

Rules satistied by definite integrals:

. Order of Integration: ]
b

2. Zero Width Interval:

4, Sum and Difference:

5. Additivity:

b b
3. Constant Multiple: / kflx)dv =k / flx) dx
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*b

b
f(x) = g(x) on [a, b] = / f(x)dx = / g(x) dx

Jda

”
f(x) =0on[a,b] = [ f(x)dx =0

Jda

EXAMPLE:

- .4 .
Let f(x)dx = 5, / flx)dx = —2, and /‘h(.\‘) dx = 7.
Then:

)] 14
1. / f(x) dx = —/ f(x)dx = —(=2) = 2
J4 J1

"] "] "1
2. / [2f(x) + 3Ah(x)]dx = 2/ f(x) dx + 3/ h(x) dx
J=1 J=1 J=1
= 2(5) + 3(7) = 31

"4 1 "4
3. / f(x)dx = / fix) dx + / f(x)dx =5+ (—2)=3
J=1 J=1 J1

If the function f(x) is a derivative then the set of all antiderivative of f is called
the indefinite integral of f denoted by symbols:

jf(x) dx = F(x) + C,

where F(x) is antiderivative of a function f(x) and C is any arbitrary constant
and it is called the constant of integration.
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Rules for indefinite integrals:

1. [dx =x+ C, where c is constant.

2. [ kdx=kx+C,where k is any number.

3. [(dx ¥dz)=[dxF [dz=xFz+C.

4. J(F() F g()dx = [ f(x)dx F [ g(x)dx.

n _ le+1
5. [ x"dx = —+C (n#-1)
6. [L=Inx|+C.

X
Examples:

3
1. [x?dx="—+C.

33
3 X 27 1 _26
2. f xzdx:_ o — . — —
1 31 3 3 3

2 3 _ 1 (@x*+n*
f(2x* + 1) 2x dox =2 4

L gy = [ =Sdy =5
J=dx=[xTdx=—+C.
[—— dx = In|x+1] +C.

x+1

[ 221 dx = In x2+x] +C.
+Xx

+C.

N o 0 bk~ W

[ dx= [ 2x(x? + D) Pde=ED s C

(x2+1)3

3
1 > 3
8. [2xVI+x? dx=[(1+x2: 2xdx=S5 +c=2@+a?)+C

2
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Inteeration of Trigoneometric Functions;:

Basic Trig Derivatives and their Corresponding Indefinite Integrals

d . " .
—sinx = cosx Jeosxdx =sinx +C

ax

d . a .
—-cosx = —sinx [sinxdx = —cosx +C

ax

d .
—tanx = sec’ x [sec?xdx =tanx + C

s

d .
—.Secx = secx tan x fscc xtanxdx = secx + C
ax

d .
—LCSCX = —(CsCx cotx fcsc xcotxdx = —cscx +C
ax

d ) S
—Cotx = —Ccsce x fcsc‘ xdx = —cotx + C

dx

Ayl ddida ka pd b g3 Lle AARAN U1 gal) LSS 2ie sddaaa

Examples:

1. [sin(4x? —3)xdx = %f sin(4x? — 3) 8x dx =-
2. [— dx=1In|1 + sinx| +C.

1+sinx

3. [tanxdx =

4x2-3
cos( ;c ) +C.

sinx

=-In|cosx| + C.
Cos X

Integral of exponential function;

1 fa* dx=+C

na

2. [e*dx=e*+C
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Examples:

[2¥ dx=2-+C.

n
1
Je¥dx=ce*+C

[e*dx=-e*+C

> W

2 x3 _ex3
Jx*e* dx=—1+C
\/E
f% dx=2eV* +C
[ eSn¥ cos x dx = eSinx

f\/e_de:fex%dXZZe%x

N o U

Miethods off Tntegration:

1. Integration by Parts:

/lldU:llU— /vdu

EXAMPLE1 Find

/ xcosxdx.

Solution  We use the formula / udv = uv — / v du with

u = x, dv = cos x dx,
du = dx, v = sinx.

Then

/ xcosxdx = xsinx — / sinxdx = xsinx + cosx + C.

Jtan? x dx = [(sec’x — 1)dx = [sec? xdx - [ 1dx=tanx — X+ C
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EXAMPLE 2  Find

/ In x dx.

Solution Since [ Inxdx can be written as [Inx:1dx, we use the formula
Judv =uv — [ vduwith

u=Inx S i ! i dv = dx
|
du = dx, v = X.
Then

flnxdxlenx—/x'%dxthlx—/dx=x1nx—x+ C.

Remark: Sometimes we have to use integration by parts more than once as
follows:

EXAMPLE 3  Evaluate

/ xZe” dx.

Solution Withu = x% dv = e*dx,du = 2xdx, and v = e*, we have

/ x2e*dx = x’e* — 2/ xe*dx.
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The new integral is less complicated than the original because the exponent on x is re-
duced by one. To evaluate the integral on the right, we integrate by parts again with
u=x,dv =e"dx.Thendu = dx,v = e*, and

/ xe*dx = xe* — / e*dx = xe* —e* + C.

Using this last evaluation, we then obtain

/ x2e*dx = x%e* — 2/ xe™dx

= x2e* = 2xe* + 2¢* + C. [

EXAMPLE 4  Evaluate

/ e*cosxdx.

Solution Letu = e*anddv = cosxdx.Thendu = e*dx, v = sinx, and
/ e*cosxdx = e*sinx — / e*sinxdx.

The second integral is like the first except that it has sin x in place of cos x. To evaluate it,
we use integration by parts with

u = e* dv = sinxdx, v = —COSJX, du = e* dx.

/ e*cosxdx = e*sinx — <—e"' cosx — / (—cosx)(e* dx))

= e*sinx + e*cosx — /e"' cos x dx.

Then

2/ e*cosxdx = e*sinx + e*cosx + C;.

Dividing by 2 and renaming the constant of integration give

X a1 X "
e'smnx + e*cosx
fexcos.rdx = 5 + C.
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2.Tabular Integration:

JalSi A& 4%, pal) B3 addiud

[ g

i)y Bae JalS o oSy 5 AYY 5 sdkall ) Uagly ciliall aa GUIE) 05 O quag

Example: Evaluate

/ ve‘dx.

Solution With f(x) = x* and 2(x) e, we list:
d J
x> — (+) e*
2x — (-) e
— —
2 — (+) et
0 P
Then:

/ x’e*dx = x’e* — 2xe* + 2¢* + C.

8|Page




Example: Evaluate [ x3sinx dx

g(x) and its integrals
sin x
F
—CoS X
—sinx
™ cosx

T ginx

6sinx + C.

Solution With f(x) = x* and g(x) = sinx, we list:
f(x) and its derivatives
v}~ . (+)
3x? ~_ :) S
bx —__ ] (+) o
6 —
0 I
/ xIsinxdx = —x3cosx + 3x%sinx + 6xcosx —
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The Inteorals of cot x., see x. and ese v:

Ccos x dx du
_ . sin x _

=In|u|] + C=In|sinx]| + C = —In|cscx| + C.

(secx + tanx) sec”x + secxtanx
secxdy = [ secx ———dx = dx

W,
(secx + tanx) secx + tanx

du : .
= /,—( = In |u| +C=In |scc.\' f tan .\" + (

(csex + cotx) esc“x + ¢scxcotx
escxdy = [esex ————dx = — — dx
(cscx -+ cotx) cscx + cotx

= /-_d“— ln|u| +C= lnlcscx I col.\'| tC

u

tanu du = ln|sccu| +( secudu = ln|sccu | 11mu| F(

cotudu = In|sin u| b ( oscudu = ln|csc U colu| C
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The integorals of sinx and cos %x:

(a) /sin2 x dx

(b) /cos2 x dx 1++os2xd_\_ =2

We begin with integrals of the form: / sin™ x cos” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the

appropriate substitution into three cases according to m and n being odd or even.

Case 1 Ifmis odd, we write m as 2k + 1 and use the identity sin”x = 1 — cos®x
to obtain

2k+1

sin” x = sin x = (sin”x)*sinx = (1 — cos®x)¥sinx. (1)

Then we combine the single sin x with dx in the integral and set sinx dx equal to
—d(cos x).

Case 2 If m is even and # is odd in f sin” x cos” x dx, we write n as 2k + 1

and use the identity cos’x = 1 — sin® x to obtain

1

cos”x = cos?* 1 x = (cos®x)*cosx = (1 — sin®x)*cosx.

We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 If both m and n are even in / sin” x cos” x dx, we substitute
2 1 — cos2x 1 + cos2x

sin“x = —————— coslxy = —— =2 (2)
A 2 ’ 2

to reduce the integrand to one in lower powers of cos 2x.
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EXAMPLE 1 Evaluate

¥ 32 g
/ sin” x cos” x dx.
Solution  This is an example of Case 1.
/sin3.\‘ cos’xdx = / sin® x cos” x sin x dx
= / (1 — cos’x) cos® x (—d (cos x))
= / (1 — u?)(u?)(—du)

2
= /(114 — u*)du
5 3 5. 3.
u u cOSs” x COS” X

_?—3+C_ 5 — 3 + C. ]

EXAMPLE 2: Evaluate [ sin*x cos®x dx
Solution:

[ sin*x cos®x dx = [ sin*x cos*. cosx dx
= [ sin*x (1 — sin’x)%cosx dx

Let u=sinx, du=cosx dx
fu*(1—u?)?du=[u*(1-2u? +u*) du
= [u* — 2u® + u®) du:u?s—zu77+%9+c_
5

1 .
==Sin

2 . 1 .,
- x-> sin’ x+ 5 sin’x+ C
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1+cos4x

EXAMPLE 3: Evaluate [ sin?2x cos?2x dx =[(—p— ) (7

Yydx

1+cos 8x
2

=%f(1—cosz4x)dx:%f(1— )dx=if(1—%—%c038x)dx

=%f(%—%c058x)dx:%[g-%sinSx] +C.

Integral of sec and tan:

We will use the identity tan?x = sec?x -1 or sec?x = tan®x +1.

Case 1: If [ sec™x dx, [tan™x dx and m is even, then we write m as
2k+2.

Example 1: Evaluate [ tan* x dx

Solution:

[ tan* x dx = [ tan®x tan®x dx

tan3x
-tanx +x + C.

= [(sec?x — 1) tan’x dx = [(sec?x tan®x - tan?x) dx= =

Case 2: If mis odd, then we write m as 2k+1 and use the identity
tan’x = sec®x -1 or sec?x = tan®x +1.

Example 2: Evaluate [ tan® x dx

Solution:

[ tan® x dx= [ tan* x tanx dx = [(sec?x — 1)? tanx dx

= [(sec* x — 2 sec’x + 1) tan x dx

= [sec* x tanx dx - 2[ sec? x tanx dx + [ tanx dx

= [ sec3 x secx tanx -2 [ sec’x tanx dx + [ tanx dx
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sec4x tanzx
== -2 . -In|cosx| +C.

Products of Sines and Cosines

The integrals

/ Sin mx Sin nx dx, / sin mx cos nx dx, and
sin mx sin nx

= ]E[cos (m — n)x — cos (m + n)x],

i | i
sin mx cos nx = j[sm (m — n)x + sin(m + n)x],
1
COS MX COS HX = E[cos (m — n)x + cos(m + n)x].

Example: Evaluate [ sin 7x cos 3x dx

Solution:

/ COS mXx COS nx dx

[ sin7x cos3x dx = f% (sin 7x — 3x) + sin(7x + 3x)) dx

1, . _1,1 1
—Ef(sm4x+ sin 10x) dx_E('Z cos 4x-ﬁcos 4x) + C.

Exercise:

Evaluate [ sin3x cos5x dx
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