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    Example 1 Show that the DE 𝑦′′ − 25𝑦 = 0 has the solution 

𝑦 = 𝑐1𝑒
5𝑥 + 𝑐2𝑒

−5𝑥 

               For all real numbers 𝑐1 and 𝑐2. 

     Solution

Differentiating 𝑦 twice with respect to 𝑥, we get: 

𝑦′ = 5𝑐1𝑒
5𝑥 − 5𝑐2𝑒

−5𝑥 

𝑦′′ = 25𝑐1𝑒
5𝑥 + 25𝑐2𝑒

−5𝑥  

Substituting  𝑦 and 𝑦′′ in the DE  𝑦′′ − 25𝑦 = 0, gives: 

25𝑐1𝑒
5𝑥 + 25𝑐2𝑒

−5𝑥 − 25 𝑐1𝑒
5𝑥 + 𝑐2𝑒

−5𝑥 = 0  

25𝑐1𝑒
5𝑥 + 25𝑐2𝑒

−5𝑥 − 25𝑐1𝑒
5𝑥 + 25𝑐2𝑒

−5𝑥 = 0  

                                                                                 0 = 0 

∴ 𝑦 = 𝑐1𝑒
5𝑥 + 𝑐2𝑒

−5𝑥 is a solution of 𝑦′′ − 25𝑦 = 0 

 

 

    Example 2 Find the value of 𝑐 which makes 𝑦 = 𝑒𝑐𝑥a solution of DE: 

𝑦′′ + 5𝑦′ + 6𝑦 = 0 

Solution     

Differentiating 𝑦 twice with respect to 𝑥, we get: 

𝑦′ = 𝑐𝑒𝑐𝑥 and 𝑦′′ = 𝑐2𝑒𝑐𝑥  

Substituting  𝑦, 𝑦′ and 𝑦′′ in the DE  𝑦′′ + 5𝑦′ + 6𝑦 = 0, gives: 

General Solution  
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𝑐2𝑒𝑐𝑥 + 5𝑐𝑒𝑐𝑥 + 6𝑒𝑐𝑥  = 0 

𝑒𝑐𝑥 𝑐2 + 5𝑐 + 6 = 0 → 𝑒𝑐𝑥 ≠ 0  

𝑐2 + 5𝑐 + 6 = 0 

→  𝑐 + 2  𝑐 + 3 = 0 

Either 𝑐 = −2 → 𝑦 = 𝑒−2𝑥 → 4𝑒−2𝑥 − 10𝑒−2𝑥 + 6𝑒−2𝑥 = 0   

       Or 𝑐 = −3 → 𝑦 = 𝑒−3𝑥 → 9𝑒−3𝑥 − 15𝑒−3𝑥 + 6𝑒−3𝑥 = 0  

Both −2 and −3 makes 𝑦 = 𝑒𝑐𝑥  a solution of  𝑦′′ + 5𝑦′ + 6𝑦 = 0 

 

Example 3    Verify that 𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒−2𝑥  is a solution of the DE:

𝑦′′ + 3𝑦′ + 2𝑦 = 0 

Solution     

Differentiating 𝑦 twice with respect to 𝑥, we get: 

𝑦′ = −𝐴𝑒−𝑥 − 2𝐵𝑒−2𝑥   

 𝑦′′ = 𝐴𝑒−𝑥 + 4𝐵𝑒−2𝑥  

Substituting  𝑦, 𝑦′ and 𝑦′′ in the DE 𝑦′′ + 3𝑦′ + 2𝑦 = 0, gives: 

𝐴𝑒−𝑥 + 4𝐵𝑒−2𝑥 + 3 −𝐴𝑒−𝑥 − 2𝐵𝑒−2𝑥 + 2 𝐴𝑒−𝑥 + 𝐵𝑒−2𝑥 = 0 

𝐴𝑒−𝑥 + 4𝐵𝑒−2𝑥 − 3𝐴𝑒−𝑥 − 6𝐵𝑒−2𝑥 + 2𝐴𝑒−𝑥 + 2𝐵𝑒−2𝑥 = 0 

3𝐴𝑒−𝑥 − 3𝐴𝑒−𝑥 + 6𝐵𝑒−2𝑥 − 6𝐵𝑒−2𝑥 = 0 

                                                                    0 = 0 

∴ 𝑦 = 𝐴𝑒−𝑥 + 𝐵𝑒−2𝑥 is a solution of  𝑦′′ + 5𝑦′ + 6𝑦 = 0 

 



Rules

1. Constant: 
d
dx

c = 0 2. Constant Multiple:  
d
dx

cf (x) = c �f (x)

. Sum:  
d
dx

[ f (x) ± g(x)]=

�

f (x) ± �g (x) 4. Product: 
d
dx

f (x)g(x) = f (x) �g (x) + g(x) �f (x)

5. Quotient: 
d
dx

f (x)
g(x)

= g(x)f (x) � f (x)g (x)

[g(x)]2
6. Chain:  

d
dx

f (g(x)) = �f (g(x)) �g (x)

7. Power: 
d
dx

xn = nxn�1 8. Power: 
d
dx

[g(x)]n = n[g(x)]n 1 �g (x)

Functions

Trigonometric:

9. 
d
dx

sin x = cos x 10.
d
dx

cos x = � sin x 11.
d
dx

tan x = sec2 x

12.
d
dx

cot x = � csc2 x 13.
d
dx

sec x = sec x tan x 14.
d
dx

csc x = � csc x cot x

Inverse trigonometric:

15. 
d
dx

sin�1 x = 1

1 � x2
16.

d
dx

cos�1 x = � 1

1 � x2
17.

d
dx

tan�1 x = 1

1 + x2

18.
d
dx

cot�1 x = � 1

1 + x2
19.

d
dx

sec�1 x = 1

x x2 �1
20.

d
dx

csc�1 x = � 1

x x2 �1

Hyperbolic:

21. 
d
dx

sinh x = cosh x 22.
d
dx

cosh x = sinh x 23.
d
dx

tanh x = sech2 x

24.
d
dx

coth x = � csch2 x 25.
d
dx

sech x = � sech x tanh x 26.
d
dx

csch x = � csch x coth x

Inverse hyperbolic:

27. 
d
dx

sinh�1 x = 1

x2 +1
28.

d
dx

cosh�1 x = 1

x2 �1
29.

d
dx

tanh�1 x = 1

1 � x2

30.
d
dx

coth�1 x = 1

1 � x2
31.

d
dx

sech�1 x = � 1

x 1 � x2
32.

d
dx

csch�1 x = � 1

x x2 +1

Exponential:

33. 
d
dx

ex = ex 34.
d
dx

bx = bx (ln b)

Logarithmic:

35. 
d
dx

ln x = 1
x

36.
d
dx

logb x = 1
x(ln b)

�

�

�
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REVIEW OF DIFFERENTIATION



BRIEF TABLE OF INTEGRALS

1.  
1

, 1
1

n
n uu du C n

n

�

� � � �
�� 2.  1

lndu u C
u

� ��
3.  u ue du e C� �� 4.  1

ln

u ua du a C
a

� ��
5.  sin cosu du u C� � �� 6.  cos sinu du u C� ��
7.  2sec tanu du u C� �� 8.  2csc cotu du u C� � ��
9.  sec tan secu u du u C� �� 10.  csc cot cscu u du u C� � ��

11.  tan ln cosu du u C� � �� 12.  cot ln sinu du u C� ��
13.  sec ln sec tanu du u u C� � �� 14.  csc ln csc cotu du u u C� � ��
15.  sin sin cosu u du u u u C� � �� 16.  cos cos sinu u du u u u C� � ��
17.  2 1 1

2 4
sin sin 2u du u u C� � �� 18.  2 1 1

2 4
cos sin 2u du u u C� � ��

19.  2tan tanu du u u C� � �� 20.  2cot cotu du u u C� � � ��
21.  � �3 21

3
sin 2 sin cosu du u u C� � � �� 22.  � �3 21

3
cos 2 cos sinu du u u C� � ��

23.  3 21
2

tan tan ln cosu du u u C� � �� 24.  3 21
2

cot cot ln sinu du u u C� � � ��
25. 3 1 1

2 2
sec sec tan ln sec tanu du u u u u C� � � ��  26.  3 1 1

2 2
csc csc cot ln csc cotu du u u u u C� � � � ��

27.  sin( ) sin( )
sin cos

2( ) 2( )

a b u a b uau bu du C
a b a b
� �

� � �
� �� 28.  sin( ) sin( )

cos cos
2( ) 2( )

a b u a b uau bu du C
a b a b
� �

� � �
� ��

29.  � �
2 2

sin sin cos
au

au ee bu du a bu b bu C
a b

� � �
�� 30.  � �

2 2
cos cos sin

au
au ee bu du a bu b bu C

a b
� � �

��
31.  sinh coshu du u C� �� 32.  cosh sinhu du u C� ��
33.  2sech tanhu du u C� �� 34.  2csch cothu du u C� � ��
35.  tanh ln(cosh )u du u C� �� 36.  coth ln sinhu du u C� ��
37.  ln lnu du u u u C� � �� 38.  2 21 1

2 4
ln lnu u du u u u C� � ��

39.  1

2 2

1
sin

udu C
aa u

�� �
�� 40.  2 2

2 2

1
lndu u a u C

a u
� � � �

��
41.  

2
2 2 2 2 1sin

2 2

u a ua u du a u C
a

�� � � � �� 42.  
2

2 2 2 2 2 2ln
2 2

u aa u du a u u a u C� � � � � � ��
43.  1

2 2

1 1
tan

udu C
a aa u

�� �
�� 44.  

2 2

1 1
ln

2

a udu C
a a ua u

�
� �

���

Note:  Some techniques of integration, such as integration by parts and partial fractions, are  

reviewed in the Student Resource and Solutions Manual that accompanies this text.



TABLE OF LAPLACE TRANSFORMS

f (t)

1. 1

2. t

3. tn n a positive integer

4. t�1/2

5. t1/2

6. ta

7. sin kt

8. cos kt

9. sin2 kt

10. cos2 kt

11. eat

12. sinh kt

13. cosh kt

14. sinh2kt

15. cosh2kt

16. teat

17. tn eat n a positive integer

18. eat sin kt

19. eat cos kt
s � a

(s � a)2 � k2

k

(s � a)2 � k2

n!

(s � a)n�1 ,

1

(s � a)2

s2 � 2k2

s(s2 � 4k2)

2k2

s(s2 � 4k2)

s

s2 � k2

k

s2 � k2

1

s � a

s2 � 2k2

s(s2 � 4k2)

2k2

s(s2 � 4k2)

s

s2 � k2

k

s2 � k2

�(� � 1)

s��1 , a � �1

1�

2s3/2

B
�

s

n!

sn�1 ,

1

s2

1

s

�{ f (t)} � F(s) f (t)

20. eat sinh kt

21. eat cosh kt

22. t sin kt

23. t cos kt

24. sin kt � kt cos kt

25. sin kt � kt cos kt

26. t sinh kt

27. t cosh kt

28.

29.

30. 1 � cos kt

31. kt � sin kt

32.

33.

34. sin kt sinh kt

35. sin kt cosh kt

36. cos kt sinh kt

37. cos kt cosh kt

38. J0(kt)
1

1s2 � k2

s3

s4 � 4k4

k(s2 � 2k2)

s4 � 4k4

k(s2 � 2k2)

s4 � 4k4

2k2s

s4 � 4k4

s

(s2 � a2)(s2 � b2)

cos bt � cos at

a2 � b2

1

(s2 � a2)(s2 � b2)

a sin bt � b sin at

ab (a2 � b2)

k3

s2(s2 � k2)

k2

s(s2 � k2)

s

(s � a)(s � b)

aeat � bebt

a � b

1

(s � a)(s � b)

eat � ebt

a � b

s2 � k2

(s2 � k2)2

2ks

(s2 � k2)2

2k3

(s2 � k2)2

2ks2

(s2 � k2)2

s2 � k2

(s2 � k2)2

2ks

(s2 � k2)2

s � a

(s � a)2 � k2

k

(s � a)2 � k2

�{ f (t)} � F(s)





 الطرفين



𝑒𝑐ويمكه ان وفرض الثابت الاختياري  = 𝑐1 فيكون الحل: 

𝒚 = 𝒄𝟏𝒙𝟐 

+ 





𝒅𝒚

𝒅𝒙
=

𝒙 − 𝒙𝒚𝟐

𝒙𝟐𝒚 − 𝒚
 



sin2 𝑥 cos 𝑥 𝑑𝑥  



 كما المتغيرات فصل بطريقة حلها ويمكه للفصل قابلة غير المعادلة فيها تكىن واحد حالة هناك

 :ياتي
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4-,u)I 0-- ;i...\.:ill ~liill u'i..ik...JI (i) 
~ .J 'ii 4...;,,. ..).ill .J ~ .J 'ii 

Exact Differential Equations of First 
Order and First Degree 



(I) 

(2) 

: ~Ull 4li,J tltt uP J5J J tJ:U J..,W 

aM aN 
-=-
By ax 



~(:r,y)dx + N(x,y)1dy = 0 

a11· iJN • I .., •• ] - = - I.J i_1JU .. · 
a.)' as -

f Mdz+J nd)'=O 

f Ndy+ I m.dr= 0 



Exiample Solve the differential equation: 

(yex + 2xcosy)dx + (ex - cosy- x 2 siny)dy = 0 

Sol,aun,: 

M = yex + 2xcosy ➔ iJN = ex - 2xsiny 
iJy 

N = ex - cosy - x 2 siny ➔ aN = ex - 2xsiny 
iJx 

iJN iJN 
➔ -=ay ax 

The differential equation is exact and the general solution is: 

f M dx + f n dy = 0 

➔ f (ye x + 2x cosy) dx + f - cos y dy = 0 

I:. yex + x 2 cosy - siny + c = oJ 



Examplf' Solve the differential equation: 

(eY + x sinxy)~ + y:sinxy = 0 
dx 

Solutio,i: y sinxy dx + (eY + x sinxy)dy = 0 

M 
. iJN • 

= y SID xy ➔ iJy = y COS xy . X + SID xy 

= xy cos xy + sin xy 

N 
y . iJN • 

= e + x sm xy ➔ ax = x cos xy. y + sm xy 

= xy cos xy + sin xy 

iJM iJN Th .1:A": tial . . d . I . . 
➔ iJy = "a;• e wueren equatlon ts exact an tts so utton ts: 

f M dx + J n dy = O ➔ I -cos xy + eY + c = o j 



♦ (x2 + y2 )dx + 2xydy = 0 

♦ ( 4x3y 2 - 2xy)dx + (2x4y - x 2 )dy = 0 

♦ (3e 3xy - 2x)dx + e3xdy = 0 





𝒙 





Example Solve the differential equation: 

𝑥𝑦′ − 2𝑦 − 𝑥3𝑒𝑥 = 0 

Solution: 

𝑦′ −
2

𝑥
𝑦 − 𝑥2𝑒𝑥 = 0    

𝑑𝑦

𝑑𝑥
−
2

𝑥
𝑦 = 𝑥2𝑒𝑥 , 𝑃 𝑥 = −

2

𝑥
 , 𝑄 𝑥 = 𝑥2𝑒𝑥 

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 

𝑒 −
2

𝑥
 𝑑𝑥 = 𝑒−2  

𝑑𝑥

𝑥 = 𝑒−2 ln 𝑥 = 𝑒ln 𝑥
−2
= 𝑥−2 =

1

𝑥2
  



Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 

𝑒 −
2
𝑥
 𝑑𝑥 = 𝑒−2  

𝑑𝑥
𝑥 = 𝑒−2 ln 𝑥 = 𝑒ln 𝑥

−2
= 𝑥−2 =

1

𝑥2
 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 + 𝑐 

𝑦

𝑥2
=  

1

𝑥2
. 𝑥2𝑒𝑥 𝑑𝑥 + 𝑐  

𝑦

𝑥2
=  𝑒𝑥𝑑𝑥 + 𝑐  

𝑦

𝑥2
= 𝑒𝑥 + 𝑐 →   𝑦 = 𝑥2𝑒𝑥 + 𝑐𝑥2  



Example Solve the differential equation: 

𝑥
𝑑𝑦

𝑑𝑥
− 𝑎𝑦 = 𝑥 + 1  

Solution:  

𝑑𝑦

𝑑𝑥
−
𝑎

𝑥
𝑦 =

𝑥+1

𝑥
  

                                𝑃 𝑥 = −
𝑎

𝑥
 , 𝑄 𝑥 =

𝑥+1

𝑥
 

𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒 −
𝑎
𝑥 𝑑𝑥 = 𝑒−𝑎  

𝑑𝑥
𝑥 = 𝑒−𝑎 ln 𝑥 = 𝑒ln 𝑥

−𝑎
= 𝑥−𝑎 =

1

𝑥𝑎
 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 + 𝑐 



𝑦

𝑥𝑎
=  

1

𝑥𝑎
.
𝑥+1

𝑥
𝑑𝑥 + 𝑐  

𝑦

𝑥𝑎
=  

𝑥+1

𝑥𝑎+1
𝑑𝑥 + 𝑐  

𝑦 = 𝑥𝑎  𝑥 + 1 . 𝑥−𝑎−1𝑑𝑥 + 𝑐   

   = 𝑥𝑎  𝑥−𝑎 + 𝑥−𝑎−1 𝑑𝑥 + 𝑐   

   = 𝑥𝑎
𝑥−𝑎+1

−𝑎+1
−
𝑥−𝑎

𝑎
+ 𝑐  

   =
𝑥

−𝑎+1
−
1

𝑎
+ 𝑐𝑥𝑎 

H.w. 

 𝑥 + 1
𝑑𝑦

𝑑𝑥
− 𝑛𝑦 = 𝑒𝑥 𝑥 + 1 𝑛+1  

 𝑥2 + 1
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 4𝑥2 
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Example 1    Solve the following initial value problem (IVP): 

𝑑𝑦

𝑑𝑥
+ 𝑦 = sin 𝑥  , 𝑦 𝜋 = 1  

Solution    The above DE is linear  , since  

𝑑𝑦

𝑑𝑥
+ 𝑃 𝑥 𝑦 = 𝑄 𝑥     

𝑃 𝑥 = 1 , 𝑄 𝑥 = sin 𝑥 

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒 𝑑𝑥 = 𝑒𝑥 

The solution of the DE is: 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥𝑄 𝑥 𝑑𝑥 + 𝑐  

 𝑦𝑒𝑥 =  𝑒𝑥 sin 𝑥 𝑑𝑥 + 𝑐   

 𝑒𝑥 sin 𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢 = 𝑒𝑥 sin 𝑥 −  𝑒𝑥 cos 𝑥 𝑑𝑥  

𝑢 = sin 𝑥 𝑑𝑣 = 𝑒𝑥𝑑𝑥
𝑑𝑢 = cos 𝑥 𝑑𝑥 𝑣 = 𝑒𝑥

  

 𝑒𝑥 cos 𝑥 𝑑𝑥 = 𝑒𝑥 cos 𝑥 −  −𝑒𝑥 sin 𝑥 𝑑𝑥  

𝑢 = cos 𝑥 𝑑𝑣 = 𝑒𝑥𝑑𝑥
𝑑𝑢 = −sin 𝑥 𝑑𝑥 𝑣 = 𝑒𝑥

  

∴  𝑒𝑥 sin 𝑥 𝑑𝑥 = 𝑒𝑥 sin 𝑥 −  𝑒𝑥 cos 𝑥 +  𝑒𝑥 sin 𝑥 𝑑𝑥   

                             = 𝑒𝑥 sin 𝑥 − 𝑒𝑥 cos 𝑥 −  𝑒𝑥 sin 𝑥 𝑑𝑥  

 𝑒𝑥 sin 𝑥 𝑑𝑥 +  𝑒𝑥 sin 𝑥 𝑑𝑥 = 𝑒𝑥 sin 𝑥 − 𝑒𝑥 cos 𝑥  

2 𝑒𝑥 sin 𝑥 𝑑𝑥 = 𝑒𝑥 sin 𝑥 − 𝑒𝑥 cos 𝑥 =
1

2
𝑒𝑥 sin 𝑥 −

1

2
𝑒𝑥 cos 𝑥  

𝑦𝑒𝑥 =
1

2
𝑒𝑥 sin 𝑥 −

1

2
𝑒𝑥 cos 𝑥 + 𝑐   

    𝑦 =
1

2
 sin 𝑥 − cos 𝑥 + 𝑐𝑒−𝑥    

Now,  𝑦 𝜋 = 1 → 1 =
1

2
 sin𝜋 − cos𝜋 + 𝑐𝑒−𝜋  
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1 =
1

2
+ 𝑐𝑒−𝜋   

1

2
= 𝑐𝑒−𝜋 → 𝑐 =

1

2
𝑒𝜋  

𝑦 =
1

2
 sin 𝑥 − cos 𝑥 +

1

2
𝑒𝜋𝑒−𝑥  

                                       ∴ 𝑦 =
1

2
 sin 𝑥 − cos 𝑥 +

1

2
𝑒𝜋−𝑥  

Example 2    Find the general solution of the DE:  

 𝑦 − 2𝑥𝑦 − 𝑥2 𝑑𝑥 + 𝑥2𝑑𝑦 = 0  

Solution    The above DE is linear, since 

  1 − 2𝑥 𝑦 − 𝑥2 + 𝑥2
𝑑𝑦

𝑑𝑥
= 0   

𝑥2
𝑑𝑦

𝑑𝑥
+  1 − 2𝑥 𝑦 − 𝑥2 = 0  

𝑥2
𝑑𝑦

𝑑𝑥
+  1 − 2𝑥 𝑦 = 𝑥2  

𝑑𝑦

𝑑𝑥
+

 1−2𝑥 

𝑥2
𝑦 = 1  

𝑃 𝑥 =
 1−2𝑥 

𝑥2
 , 𝑄 𝑥 = 1  

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒
 
 1−2𝑥 

𝑥2
𝑑𝑥

= 𝑒
  

1

𝑥2
−
2

𝑥
 𝑑𝑥

=
1

𝑥2
𝑒
−
1

𝑥 

  
1

𝑥2
−

2

𝑥
 𝑑𝑥 =  𝑥−2 𝑑𝑥 − 2 

1

𝑥
𝑑𝑥 = −

1

𝑥
− 2 ln 𝑥 = −

1

𝑥
− ln 𝑥2  

∴ 𝑒
−1

𝑥
−ln𝑥2

= 𝑒
−
1

𝑥𝑒− ln𝑥2 = 𝑒
−
1

𝑥𝑒ln𝑥
−2

= 𝑥−2𝑒
−
1

𝑥 =
1

𝑥2
𝑒
−
1

𝑥  

The solution of the DE is: 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥𝑄 𝑥 𝑑𝑥 + 𝑐  

𝑦

𝑥2
𝑒
−
1

𝑥 =  
1

𝑥2
𝑒
−
1

𝑥 𝑑𝑥 + 𝑐   
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𝑦

𝑥2
𝑒
−
1

𝑥 = 𝑒
−
1

𝑥 + 𝑐  

𝑦𝑒
−
1

𝑥 = 𝑥2𝑒
−
1

𝑥 + 𝑐𝑥2  

∴ 𝑦 = 𝑥2 + 𝑐𝑥2𝑒
1

𝑥   

    Example 3  Solve the following IVP:

𝑑𝑦

𝑑𝑥
+

2

𝑥
𝑦 = 𝑥2 − 𝑥 + 1 , 𝑦 1 =

1

2
  

Solution    The above DE is linear, and 

𝑃 𝑥 =
2

𝑥
 , 𝑄 𝑥 = 𝑥2 − 𝑥 + 1  

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒
 
2

𝑥
 𝑑𝑥

= 𝑒2 ln𝑥 = 𝑒ln𝑥
2
= 𝑥2    

The solution of the DE is: 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥𝑄 𝑥 𝑑𝑥 + 𝑐  

𝑦𝑥2 =  𝑥2 𝑥2 − 𝑥 + 1 𝑑𝑥 + 𝑐  

𝑦𝑥2 =   𝑥4 − 𝑥3 + 𝑥2 𝑑𝑥 + 𝑐  

𝑦𝑥2 =
𝑥5

5
−

𝑥4

4
+

𝑥3

3
+ 𝑐  

𝑦 =
𝑥3

5
−

𝑥2

4
+

𝑥

3
+

𝑐

𝑥2
  

Now,  𝑦 1 =
1

2
→

1

2
=

1

5
−

1

4
+

1

3
+

𝑐

1
  

1

2
=

17

60
+ 𝑐  

𝑐 =
1

2
−

17

60
→ 𝑐 =

13

60
   

∴ 𝑦 =
𝑥3

5
−

𝑥2

4
+

𝑥

3
+

13

60𝑥2
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Example 4     Find the solution of the following DE:

𝑦′ +
1

𝑥 ln𝑥
𝑦 =

1

2
  

Solution    The above DE is linear  , since

𝑃 𝑥 =
1

𝑥 ln𝑥
 , 𝑄 𝑥 =

1

2
  

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒
 

1

𝑥 ln𝑥
𝑑𝑥

= 𝑒
  

1
𝑥

ln𝑥
 𝑑𝑥

= 𝑒ln ln𝑥 = ln 𝑥 

The solution of the DE is: 

𝑦𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥𝑄 𝑥 𝑑𝑥 + 𝑐  

𝑦 ln 𝑥 =  
1

2
ln 𝑥 𝑑𝑥 + 𝑐  

𝑦 ln 𝑥 =
1

2
 ln 𝑥 𝑑𝑥 + 𝑐  

 ln 𝑥 𝑑𝑥 = 𝑢𝑣 −  𝑣 𝑑𝑢  

                  = 𝑥 ln 𝑥 −  𝑑𝑥  

                  = 𝑥 ln 𝑥 − 𝑥  

𝑢 = ln 𝑥 𝑑𝑣 = 𝑑𝑥

𝑑𝑢 =
1

𝑥
𝑑𝑥 𝑣 = 𝑥

  

𝑦 ln 𝑥 =
1

2
 𝑥 ln 𝑥 − 𝑥 + 𝑐  

𝑦 =
1

2
 𝑥 −

𝑥

ln𝑥
 +

𝑐

ln𝑥
  

 



 معادلة برنولي

The Equation of Bernoulli 

  :انصٍغة انعامة نهمعادنة هً

𝒅𝒚

𝒅𝒙
+ 𝑷(𝒙)𝒚 = 𝑸 𝒙 𝒚𝒏             )1 ( 

𝑃عذد حقٍقً و  𝑛حٍث ان  𝑥 , 𝑄(𝑥)  دوال مستمرة نهمتغٍر انمستقم𝑥. 

:الحلطريقة   

 :هً لاخطٍة وٌمكه تحىٌهها انى خطٍة تانخطىات انتانٍة (1)انمعادنة 

𝑄وتخهص مه معامم ) 𝑦−𝑛وضرب طرفً انمعادنة تـ  -1 𝑥) 

         (2)         𝑦−𝑛
𝑑𝑦

𝑑𝑥
+ 𝑃 𝑥 𝑦−𝑛+1 = 𝑄 𝑥   



 وفرض ان   -2

𝑣 = 𝑦−𝑛+1 

𝑑𝑣

𝑑𝑥
= −𝑛 + 1 𝑦−𝑛

𝑑𝑦

𝑑𝑥
→

1

−𝑛+1

𝑑𝑣

𝑑𝑥
= 𝑦−𝑛

𝑑𝑦

𝑑𝑥
  

(:2)وعىض فً معادنة  -3  

1

−𝑛+1

𝑑𝑣

𝑑𝑥
+ 𝑃 𝑥 𝑣 = 𝑄(𝑥)   

𝑛−وضرب طرفً انمعادنة تـ  -4 +  :وحصم عهى 1

𝑑𝑣

𝑑𝑥
+ −𝑛 + 1 𝑃 𝑥 𝑣 = −𝑛 + 1 𝑄(𝑥)  

. انتكاممانمعادنة انخطٍة تحم تاستخذاو عامم وهذه   



𝑑𝑥

𝑑𝑦
+ 𝑃(𝑦)𝑥 = 𝑄 𝑦 𝑥𝑛  

 :ملاحظة

 :هى انمستقم اي تكتة انمعادنة تانشكم 𝑦هى انمعتمذ وانمتغٍر  𝑥 فً حانة كىن انمتغٍر

Example Solve the differential equation: 
𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦 = 𝑥2𝑦6  

Solution: 

𝑦−6
𝑑𝑦

𝑑𝑥
+

1

𝑥
𝑦−5 = 𝑥2  ... (*) 

 

Let 𝑣 = 𝑦−5 →
𝑑𝑣

𝑑𝑥
= −5𝑦−6

𝑑𝑦

𝑑𝑥
 

                    −
1

5

𝑑𝑣

𝑑𝑥
= 𝑦−6

𝑑𝑦

𝑑𝑥
  

 

Substitute in (*) 

−
1

5

𝑑𝑣

𝑑𝑥
+

1

𝑥
𝑣 = 𝑥2  



𝑑𝑣

𝑑𝑥
−

5

𝑥
𝑣 = −5𝑥2  

𝑃 𝑥 = −
5

𝑥
 , 𝑄 𝑥 = −5𝑥2  

Integrating Factor: 𝑒 𝑃 𝑥 𝑑𝑥 

𝑒 −
5

𝑥
 𝑑𝑥 = 𝑒−5  

𝑑𝑥

𝑥 = 𝑒−5 ln 𝑥 = 𝑒ln 𝑥
−5
= 𝑥−5 =

1

𝑥5
  

𝑣𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 𝑑𝑥 + 𝑐  

𝑣

𝑥5
=  

1

𝑥5
. −5𝑥2 𝑑𝑥 + 𝑐  

𝑣 = 𝑥5  −5𝑥−3𝑑𝑥 + 𝑐   

𝑣 = 𝑥5 −
5

−2
 𝑥−2 + 𝑐 →   𝑣 =

5

2
𝑥3 + 𝑐𝑥5  

∵ 𝑣 = 𝑦−5 → 𝑦−5 =
5

2
𝑥3 + 𝑐𝑥5  



Example Solve the differential equation: 

𝑑𝑦

𝑑𝑥
+

𝑥

1−𝑥2
𝑦 = 𝑥𝑦

−1

2   

Solution:  

𝑦
1

2
𝑑𝑦

𝑑𝑥
+

𝑥

1−𝑥2
𝑦
3

2 = 𝑥      (*) 

Let 𝑣 = 𝑦
3

2 →
𝑑𝑣

𝑑𝑥
=

3

2
𝑦
1

2
𝑑𝑦

𝑑𝑥
 

                  
2

3

𝑑𝑣

𝑑𝑥
= 𝑦

1

2
𝑑𝑦

𝑑𝑥
  

Substitute in (*) 

2

3

𝑑𝑣

𝑑𝑥
+

𝑥

1−𝑥2
𝑣 = 𝑥  

 

𝑑𝑣

𝑑𝑥
+

3

2

𝑥

1−𝑥2
𝑣 =

3

2
𝑥  



 𝑃 𝑥 =
3𝑥

2 1−𝑥2
 , 𝑄 𝑥 =

3

2
𝑥 

𝑒 𝑃 𝑥 𝑑𝑥 = 𝑒
 

3𝑥

2 1−𝑥2
 𝑑𝑥

= 𝑒
−
3

4
 
−2𝑥𝑑𝑥

1−𝑥2 = 𝑒−
3

4
ln 1−𝑥2 = 𝑒ln 1−𝑥2

−
3
4
  

                                                            = 1 − 𝑥2 −
3

4 =
1

1−𝑥2
3
4

   

𝑣𝑒 𝑃 𝑥 𝑑𝑥 =  𝑒 𝑃 𝑥 𝑑𝑥. 𝑄 𝑥 𝑑𝑥 + 𝑐  

𝑣

1−𝑥2
3
4

=  
1

1−𝑥2
3
4

.
3

2
𝑥 𝑑𝑥 + 𝑐   

𝑣 = 1 − 𝑥2
3

4  
3

2
1 − 𝑥2

−3

4 . 𝑥 𝑑𝑥 + 𝑐    

𝑣 = 1 − 𝑥2
3

4 −
3

4
 −2𝑥 1 − 𝑥2

−3

4 𝑑𝑥 + 𝑐   



 𝑣 = 1 − 𝑥2
3

4 −
3

4

1−𝑥2
1
4

1/4
+ 𝑐    

    = 1 − 𝑥2
3

4 −3 1 − 𝑥2
1

4 + 𝑐  

    = 1 − 𝑥2 + 𝑐 1 − 𝑥2
3

4 

∵ 𝑣 = 𝑦
3

2 → 𝑦
3

2 = 1 − 𝑥2 + 𝑐 1 − 𝑥2
3

4  

H.W. 

𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 𝑥𝑦3  
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Example 1    Solve the following IVP: 

            ( )     

 Solution    Putting the DE in standard form of Bernoulli equation: 

  

  
 
 

 
  

 

 
     

Dividing both sides by    gives, 

   
  

  
 
 

 
    

 

 
   

Let       
  

  
      

  

  
   

 

 

  

  
    

  

  
 

Substituting into the differential equation gives, 

  

 

  

  
 
 

 
  

 

 
   

Multiplying both sides by   , to get the linear DE: 

  

  
    

 

 
   

 ( )     ( )   
 

 
   

Integrating Factor:  ∫      

    ∫  
  

 
       

                                                   
 

 
∫           (Integration by table) 

          
 

 
(      )     

          
     

⇒         
 

 
(   )        

 ( )     
 

(  ) 
  

 

 
(   )       

 

 
 
 

 
      

 

 
     

      
 

 
(   )  
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Example 2    Solve the following IVP: 

               ( )    

 Solution    Putting the DE in standard form of Bernoulli equation: 

  

  
             

Dividing both sides by     gives, 

  
  

  
           

Let      
  

  
    

  

  
  

 

 

  

  
   

  

  
 

Substituting into the differential equation gives, 

 

 

  

  
          

Multiplying both sides by  , to get the linear DE: 

  

  
            

 ( )       ( )         

Integrating Factor:  ∫            

       ∫                 

       
  

  
∫              

                                                
 

  
         

                                                           
 

  
      

                                        
    

⇒            
 

  
      

 ( )    ( )      
 

  
       

 

  
   

   

  
     

    
   

  
     

 

  
      



 

 

 :الصيغت العامت للمعادلت الخطيت المتجاوست مه الشتبت الخاويت وراث معاملاث حابتت هي

(A)      𝒂𝒚′′ + 𝒃𝒚′ + 𝒄𝒚 = 𝟎 

,𝑎  حيج ان   𝑏, 𝑐  ثوابت و𝑎 ≠ 𝑎لاوه ارا كان  0 = سىف  0

 .  الاولىمه الشتبت المعادلت تصبح 



 :طزيقة الحل

   :خطيت ويمكه حلها بالخطىاث التاليت( A)المعادلت 

=𝑒𝑚𝑥 وفشض ان  𝑦  فان المعادلة(A )تصبح 

𝑎𝑚2𝑒𝑚𝑥 + 𝑏𝑚𝑒𝑚𝑥 + 𝑐𝑒𝑚𝑥 = 0  

𝑦لكي وجذ الحل  = 𝑒𝑚𝑥  يجب ان وجذ قيمت 𝑚 وكمايأتي: 

(𝑎𝑚2 + 𝑏𝑚 + 𝑐)𝑒𝑚𝑥 = 0    

𝑒𝑚𝑥الذالت الاسيت  ≠ 𝑥لكل  0 ∈ ℝ وعليه فان 

)*(    𝑎𝑚2 + 𝑏𝑚 + 𝑐 = 0 

  متعذدة وهي (Auxiliary Equation) المميزة المعادلت تسمى )*( المعادلت

   :بالذستىس حلها ويمكه الخاويت الذسجت مه حذود



𝑚 =
−𝑏± 𝑏2−4𝑎𝑐

2𝑎
  

𝑏2لذيىا حلاث حالاث لجزوس المعادلت بالاعتماد على المقذاس المميز والان   − 4𝑎𝑐: 

𝑏2ارا كان . 1 − 4𝑎𝑐 >  :فان 0

𝑚1 =
−𝑏+ 𝑏2−4𝑎𝑐

2𝑎
 , 𝑚2 =

−𝑏− 𝑏2−4𝑎𝑐

2𝑎
   

 :بالشكل الحل ويكىن

𝒚 = 𝒄𝟏𝒆𝒎𝟏𝒙 + 𝒄𝟐𝒆𝒎𝟐𝒙  

Example Solve the following differential equation: 

 

𝑦′′ − 5𝑦′ + 6𝑦 = 0      (*) 



Solution: 

Let 𝑦 = 𝑒𝑚𝑥 → 𝑦′ = 𝑚𝑒𝑚𝑥 , 𝑦′′ = 𝑚2𝑒𝑚𝑥 

Substitute in (*) 

𝑚2𝑒𝑚𝑥 − 5𝑚𝑒𝑚𝑥 + 6𝑒𝑚𝑥 = 0  

→ 𝑚2 − 5𝑚 + 6 = 0, 𝑒𝑚𝑥 ≠ 0 ∀𝑥 ∈ ℝ  

→ 𝑚2 − 5𝑚 + 6 = 0  

   𝑚 − 2 𝑚 − 3 = 0 → 𝑚 = 2, 𝑚 = 3  

𝑦 = 𝑐1𝑒2𝑥 + 𝑐2𝑒3𝑥 



 :بالشكل الحل ويكىن

𝑦 = 𝑐1𝑒𝑚𝑥 + 𝑐2𝑥𝑒𝑚𝑥 

𝒚 = (𝒄𝟏 + 𝒄𝟐𝒙)𝒆𝒎𝒙 

𝑏2ارا كان . 2 − 4𝑎𝑐 =  :فان 0

𝑚1 = 𝑚2 =
−𝑏

2𝑎
  

Example Solve the following differential equation: 

𝑦′′ − 2𝑦′ + 𝑦 = 0       

Solution: 

Let 𝑦 = 𝑒𝑚𝑥 → 𝑦′ = 𝑚𝑒𝑚𝑥 , 𝑦′′ = 𝑚2𝑒𝑚𝑥 



Solution: 

Let 𝑦 = 𝑒𝑚𝑥 → 𝑦′ = 𝑚𝑒𝑚𝑥 , 𝑦′′ = 𝑚2𝑒𝑚𝑥 

Substitute in the above equation 

𝑚2𝑒𝑚𝑥 − 2𝑚𝑒𝑚𝑥 + 𝑒𝑚𝑥 = 0  

→ 𝑚2 − 2𝑚 + 1 𝑒𝑚𝑥 = 0, 𝑒𝑚𝑥 ≠ 0 ∀𝑥 ∈ ℝ   

→ 𝑚2 − 2𝑚 + 1 = 0  

→ 𝑚 − 1 2 = 0  

→ 𝑚 = 1, 𝑚 = 1  

∴ 𝑦 = 𝑐1 + 𝑐2𝑥 𝑒𝑥 



Example Solve the following differential equation: 

𝑦′′ + 𝑘2𝑦 = 0       

Solution: 

Let 𝑦 = 𝑒𝑚𝑥 → 𝑦′ = 𝑚𝑒𝑚𝑥 , 𝑦′′ = 𝑚2𝑒𝑚𝑥 

Substitute in the above equation 

𝑚2𝑒𝑚𝑥 + 𝑘2𝑒𝑚𝑥 = 0  

𝑏2ارا كان  .3 − 4𝑎𝑐 < ,𝑚1 فان  0 𝑚2 وهزا يعىي ان متشافقتجزوسعقذيت: 

𝑚1 = 𝛼 + 𝑖𝛽 , 𝑚2 = 𝛼 − 𝑖𝛽  

 :بالشكل الحل ويكىن    

𝒚 = 𝒆𝜶𝒙 𝑨 𝒄𝒐𝒔 𝜷𝒙 + 𝑩 𝒔𝒊𝒏 𝜷𝒙  



→ 𝑚2 + 𝑘2 𝑒𝑚𝑥 = 0, 𝑒𝑚𝑥 ≠ 0 ∀𝑥 ∈ ℝ   

→ 𝑚2 + 𝑘2 = 0 → 𝑚2 = −𝑘2 → 𝑚 = ± −𝑘2 = ± −1 𝑘  

→ 𝑚 = ±𝑖𝑘 ,  𝛼 = 0 & 𝛽 = 𝑘  

∴ 𝑦 = 𝑒𝛼𝑥 𝐴 cos 𝛽𝑥 + 𝐵 sin 𝛽𝑥  

𝑦 = 𝐴 cos 𝑘𝑥 + 𝐵 sin 𝑘𝑥 



جذرا المعادلة 

 المميزة
 الحل العام الحلول المميز

𝑏2 حقيقيان مختلفان − 4𝑎𝑐 > 0 𝑒𝑚1𝑥, 𝑒𝑚2𝑥 𝑦 = 𝑐1𝑒𝑚1𝑥 + 𝑐2𝑒𝑚2𝑥 

𝑏2 عقديان مترافقان − 4𝑎𝑐 < 0 𝑒𝛼𝑥 cos 𝛽𝑥 , 𝑒𝛼𝑥 sin 𝛽𝑥 𝑦 = 𝑒𝛼𝑥 𝐴 cos 𝛽𝑥 + 𝐵 sin 𝛽𝑥  

متساويان 

m = −
b

2a
 

 (جذور مكررة)

𝑏2 − 4𝑎𝑐 = 0 𝑒𝑚𝑥, 𝑥𝑒𝑚𝑥 𝑦 = (𝑐1 + 𝑐2𝑥)𝑒𝑚𝑥 

:الجذول الاتي يوضح ملخص الحالات الثلاث لجذور المعادلة المميزة
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     Example 1     Solve the following DE: 

𝑦′′ − 6𝑦′ + 5𝑦 = 0 

Solution: Linear 2nd-order DE with constant coefficients. Let 𝑦 = 𝑒𝑚𝑥 , 

then 𝑦′ = 𝑚𝑒𝑚𝑥 and 𝑦′′ = 𝑚2𝑒𝑚𝑥and 

𝑚2𝑒𝑚𝑥 − 6𝑚𝑒𝑚𝑥 + 5𝑒𝑚𝑥 = 0  

(𝑚2 − 6𝑚 + 5)𝑒𝑚𝑥 = 0 

The auxiliary equation is   

𝑚2 − 6𝑚 + 5 = 0  

The roots are real and distinct: 

𝑚1 = 1,   𝑚2 = 5  

Then the solution is 

𝑦 = 𝑐1𝑒
𝑥 + 𝑐2𝑒

5𝑥  

     Example 2     Find the general solution of DE: 

𝑦′′ − 6𝑦′ + 9𝑦 = 0 

Solution: Linear 2nd-order DE with constant coefficients. Let 𝑦 = 𝑒𝑚𝑥 , 

then 𝑦′ = 𝑚𝑒𝑚𝑥 and 𝑦′′ = 𝑚2𝑒𝑚𝑥and 

𝑚2𝑒𝑚𝑥 − 6𝑚𝑒𝑚𝑥 + 9𝑒𝑚𝑥 = 0  

(𝑚2 − 6𝑚 + 9)𝑒𝑚𝑥 = 0 

The auxiliary equation is   

𝑚2 − 6𝑚 + 9 = 0  
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The roots are real and repeated: 

𝑚1 = 𝑚2 = 3  

Then the solution is 

𝑦 = (𝑐1 + 𝑐2𝑥)𝑒
3𝑥  

     Example 3     Find the general solution of DE: 

𝑦′′ − 4𝑦′ + 5𝑦 = 0 

 Linear 2nd-order DE with constant coefficients. Let 𝑦 = 𝑒𝑚𝑥 , 

then 𝑦′ = 𝑚𝑒𝑚𝑥 and 𝑦′′ = 𝑚2𝑒𝑚𝑥and 

𝑚2𝑒𝑚𝑥 − 4𝑚𝑒𝑚𝑥 + 5𝑒𝑚𝑥 = 0  

(𝑚2 − 4𝑚 + 5)𝑒𝑚𝑥 = 0 

The auxiliary equation is   

𝑚2 − 4𝑚 + 5 = 0  

 The roots are complex conjugated: 

𝑚1,2 =
−𝑏± 𝑏2−4𝑎𝑐

2𝑎
=
4± 16−20

2
=
4±2𝑖

2
= 2 ± 𝑖 → 𝛼 = 2, 𝛽 = 1  

Then the solution is 

𝑦 = 𝑐1𝑒
2𝑥 cos 𝑥 + 𝑐2𝑒

2𝑥 sin 𝑥  
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 Example 1     Solve the following DE: 

         𝑦′′ − 4𝑦′ − 12𝑦 = 3𝑒5𝑥            (*) 

Solution: Nonhomogeneous Linear 2nd-order DE with constant 

coefficients. Taking its corresponding homogeneous DE: 

𝑦′′ − 4𝑦′ − 12𝑦 = 0 

Let 𝑦 = 𝑒𝑚𝑥 , then 𝑦′ = 𝑚𝑒𝑚𝑥 and 𝑦′′ = 𝑚2𝑒𝑚𝑥and 

𝑚2𝑒𝑚𝑥 − 4𝑚𝑒𝑚𝑥 − 12𝑒𝑚𝑥 = 0  

(𝑚2 − 4𝑚 − 12)𝑒𝑚𝑥 = 0 

The auxiliary equation is   

𝑚2 − 4𝑚 − 12 = 0  

The roots are real and distinct: 

𝑚1 = −2,   𝑚2 = 6  

Then the solution is 

𝑦𝑐(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥  

Let 𝑦𝑝(𝑥) = 𝐴𝑒5𝑥, then 

𝑦𝑝
′ = 5𝐴𝑒5𝑥 ,𝑦𝑝

′′ = 25𝐴𝑒5𝑥 

Substitute in (*) 𝑦𝑝
′′ − 4𝑦𝑝

′ − 12𝑦𝑝 = 3𝑒5𝑥 we get: 

25𝐴𝑒5𝑥 − 4(5𝐴𝑒5𝑥) − 12(𝐴𝑒5𝑥) = 3𝑒5𝑥 

       25𝐴𝑒5𝑥 − 20𝐴𝑒5𝑥 − 12𝐴𝑒5𝑥 = 3𝑒5𝑥 

                                              −7𝐴𝑒5𝑥 = 3𝑒5𝑥 → −7𝐴 = 3 → 𝐴 = −
3

7
  

→ 𝑦𝑝(𝑥) = −
3

7
𝑒5𝑥  
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∴ 𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 −
3

7
𝑒5𝑥  

Example 2     Find the general solution of DE: 

         𝑦′′ − 4𝑦′ − 12𝑦 = sin 2𝑥          (*) 

Solution: Nonhomogeneous linear 2nd-order DE with constant 

coefficients. From the previous example, the general solution of the 

corresponding homogeneous DE 𝑦𝑐(𝑥) is: 

𝑦𝑐(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 

Let 𝑦𝑝(𝑥) = 𝐴 cos 2𝑥 + 𝐵 sin 2𝑥, then 

𝑦𝑝
′ = −2𝐴 sin 2𝑥 + 2𝐵 cos 2𝑥 , 𝑦𝑝

′′ = −4𝐴 cos 2𝑥 − 4𝐵 sin 2𝑥 

Substitute in (*) 𝑦𝑝
′′ − 4𝑦𝑝

′ − 12𝑦𝑝 = sin 2𝑥 we get: 

−4𝐴 cos 2𝑥 − 4𝐵 sin 2𝑥 − 4(−2𝐴 sin 2𝑥 + 2𝐵 cos 2𝑥) − 12(𝐴 cos 2𝑥 

                                                                     + 𝐵 sin 2𝑥) = sin 2𝑥 

−4𝐴 cos 2𝑥 − 4𝐵 sin 2𝑥 + 8𝐴 sin 2𝑥 − 8𝐵 cos 2𝑥 − 12𝐴 cos 2𝑥 

−12𝐵 sin 2𝑥 = sin 2𝑥 

(−16𝐴 − 8𝐵) cos 2𝑥 + (8𝐴 − 16𝐵) sin 2𝑥 = sin 2𝑥 

−16𝐴 − 8𝐵 = 0 → 𝐵 = −2𝐴 

   8𝐴 − 16𝐵 = 1 → 8𝐴 + 32𝐴 = 1 → 40𝐴 = 1 

𝐴 =
1

40
 ,𝐵 = −

1

20
  

→ 𝑦𝑝(𝑥) =
1

40
cos 2𝑥 −

1

20
sin 2𝑥  

Then the solution of the given nonhomogeneous DE is 

∴ 𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 +
1

40
cos 2𝑥 −

1

20
sin 2𝑥  
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Example 3     Find the general solution of DE: 

          𝑦′′ − 4𝑦′ − 12𝑦 = 2𝑥3 − 𝑥 + 3          (*) 

Solution: Nonhomogeneous linear 2nd-order DE with constant 

coefficients. From example (1), the general solution of the corresponding 

homogeneous DE 𝑦𝑐(𝑥) is: 

𝑦𝑐(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 

Let 𝑦𝑝(𝑥) = 𝐴𝑥3 + 𝐵𝑥2 + 𝐶𝑥 + 𝐷, then 

𝑦𝑝
′ = 3𝐴𝑥2 + 2𝐵𝑥 + 𝐶, 𝑦𝑝

′′ = 6𝐴𝑥 + 2𝐵 

Substitute in (*) 𝑦𝑝
′′ − 4𝑦𝑝

′ − 12𝑦𝑝 = 2𝑥3 − 𝑥 + 3 we get: 

6𝐴𝑥 + 2𝐵 − 4 3𝐴𝑥2 + 2𝐵𝑥 + 𝐶 − 12 𝐴𝑥3 + 𝐵𝑥2 + 𝐶𝑥 + 𝐷 = 2𝑥3  

−𝑥 + 3  

6𝐴𝑥 + 2𝐵 − 12𝐴𝑥2 − 8𝐵𝑥 − 4𝐶 − 12𝐴𝑥3 − 12𝐵𝑥2 − 12𝐶𝑥 − 12𝐷 = 2𝑥3  

−𝑥 + 3  

−12𝐴𝑥3 + (−12𝐴 − 12𝐵)𝑥2 + (6𝐴 − 8𝐵 − 12𝐶)𝑥 + (2𝐵 − 4𝐶 − 12𝐷) =  

2𝑥3 − 𝑥 + 3  

                   −12𝐴 = 2 → 𝐴 = −
1

6
  

     −12𝐴 − 12𝐵 = 0 → 𝐵 =
1

6
 

6𝐴 − 8𝐵 − 12𝐶 = −1 → 𝐶 = −
1

9
  

2𝐵 − 4𝐶 − 12𝐷 = 3 → 𝐷 = −
5

27
  

→ 𝑦𝑝(𝑥) = −
1

6
𝑥3 +

1

6
𝑥2 −

1

9
𝑥 −

5

27
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Then the solution of the given nonhomogeneous DE is 

∴ 𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 −
1

6
𝑥3 +

1

6
𝑥2 −

1

9
𝑥 −

5

27
  

Example 4     Find the general solution of DE: 

          𝑦′′ − 4𝑦′ − 12𝑦 = 6          (*) 

Solution: Nonhomogeneous linear 2nd-order DE with constant 

coefficients. From example (1), the general solution of the corresponding 

homogeneous DE 𝑦𝑐(𝑥) is: 

𝑦𝑐(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 

Let 𝑦𝑝(𝑥) = 𝐴, then 

𝑦𝑝
′ = 0, 𝑦𝑝

′′ = 0 

Substitute in (*) 𝑦𝑝
′′ − 4𝑦𝑝

′ − 12𝑦𝑝 = 6 we get: 

0 − 4(0) − 12𝐴 = 6  

                   −12𝐴 = 6 → 𝐴 = −
1

2
  

→ 𝑦𝑝(𝑥) = −
1

2
  

Then the solution of the given nonhomogeneous DE is 

∴ 𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒
−2𝑥 + 𝑐2𝑒

6𝑥 −
1

2
  

Example 5     Find the general solution of DE: 

          𝑦′′ − 6𝑦′ + 9𝑦 = 𝑒3𝑥          (*) 

Solution: Nonhomogeneous linear 2nd-order DE with constant 

coefficients. The general solution of the corresponding homogeneous DE 

𝑦′′ − 6𝑦′ + 9𝑦 = 0 is: 
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𝑦𝑐(𝑥) = 𝑐1𝑒
3𝑥 + 𝑐2𝑥𝑒

3𝑥 

If we assume 𝑦𝑝(𝑥) = 𝐴𝑒3𝑥, then will get a duplication with first term of 

𝑦𝑐(𝑥). 

If we assume 𝑦𝑝(𝑥) = 𝐴𝑥𝑒3𝑥, then will get a duplication with second term 

of 𝑦𝑐(𝑥). 

The right assumption is 𝑦𝑝(𝑥) = 𝐴𝑥2𝑒3𝑥 

𝑦𝑝
′ = 3𝐴𝑥2𝑒3𝑥 + 2𝐴𝑥𝑒3𝑥 

 𝑦𝑝
′′ = 9𝐴𝑥2𝑒3𝑥 + 6𝐴𝑥𝑒3𝑥 + 6𝐴𝑥𝑒3𝑥 + 2𝐴𝑒3𝑥 

       = 9𝐴𝑥2𝑒3𝑥 + 12𝐴𝑥𝑒3𝑥 + 2𝐴𝑒3𝑥 

Substitute in (*) 𝑦𝑝
′′ − 6𝑦𝑝

′ + 9𝑦𝑝 = 𝑒3𝑥we get: 

9𝐴𝑥2𝑒3𝑥 + 12𝐴𝑥𝑒3𝑥 + 2𝐴𝑒3𝑥 − 6 3𝐴𝑥2𝑒3𝑥 + 2𝐴𝑥𝑒3𝑥 + 9𝐴𝑥2𝑒3𝑥 = 𝑒3𝑥  

9𝐴𝑥2𝑒3𝑥 + 12𝐴𝑥𝑒3𝑥 + 2𝐴𝑒3𝑥 − 18𝐴𝑥2𝑒3𝑥 − 12𝐴𝑥𝑒3𝑥 + 9𝐴𝑥2𝑒3𝑥 = 𝑒3𝑥  

2𝐴𝑒3𝑥 = 𝑒3𝑥 → 2𝐴 = 1 → 𝐴 =
1

2
  

→ 𝑦𝑝(𝑥) =
1

2
𝑥2𝑒3𝑥  

Then the solution of the given nonhomogeneous DE is 

∴ 𝑦(𝑥) = 𝑦𝑐(𝑥) + 𝑦𝑝(𝑥) = 𝑐1𝑒
3𝑥 + 𝑐2𝑥𝑒

3𝑥 +
1

2
𝑥2𝑒3𝑥  
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