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(1) fQx,y) =7x*+8xy — gy*

f(tx, ty) = 7(tx)* + 8(tx)(ty) — g(ty)? = 7t*x* + 8t*xy — gt*y~? s Jat

= t2(7x% 4+ 8xy — gy*)
=t*f(x,y)
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2) f&y) =x°—-2y° +5yx

:Jadt

ftx, ty) = (tx)2 — 2(ey)® + 5(ty)?(tx) = t3x° — 2t3y>® + 5t3y2x
=13(x° — 2y° +5y%x)
=t fy)
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(B) flx,y) =gx*—xy+2x
:Jadt

f(tx, ty) = g(tx)* — (tx)(ty) + 2(tx) = gt*x? — t?xy + 2tx
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(1) (x?—xy+y>)dx—xydy=0
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y=vx =dy =vdx + xdv

: =i Aleall 8 s el
(x* — x(vx) + (vx)?)dx — x(vx)(vdx + xdv) = 0
= (x? — x%v+v?x?)dx — x*v(vdx + xdv) = 0
= (x% —x*v +vx® — x*v3)dx — x3vdv = 0
= x*(1 —v)dx — x°vdv =0
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dx % dx v
;S — — dv=0=‘,~f—+f dv=f0
X 1—v v—1

(v—1)+1
::»lnx—l—f —" dv—C:lnx+J‘dv+f

=C

v—1

>Inx+v+Injv-—1| :C::>lnx+%+ln|§—1|=c

2) xdy—(y++x2—y2)dx =0
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vy =vx = dy = vdx + xdv
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x(vdx + xdv) — (v:x: +/x2 — vzxz) dx =0

=Seaid 4 %odp — (vx 5 Jo 2. vz)) dx =0

= xvdx + x*dv — (vx + 24/ (1— vz)) dx =0

= xvdx + x%dv — vxdx — x+/1 —v2dx =0

2d il 2d 0 il i 0 I
==X — — v X = == — com
v1—-v2 X
dx

f i f 6= Sty — A8 =G
= — J— =0 S 8-t —Mx| =
V1 — v? X

= sin'l(%) —In|x| =C

H.W:

(1) (xy—y®)dx—x*dy =0
2) Q@xy+y?)dx —2x*dy =0
3) (2 +y*)dx —2xydy =0




m Show that the DE y"" — 25y = 0 has the solution

y = ¢ e®* + c,e %

For all real numbers ¢; and c,.

Differentiating y twice with respect to x, we get:

y' = 5¢;e5%% — 5c,e ™%

y' = 25¢c,e°* + 25¢c,e7>*

Substituting y and y" in the DE y" — 25y = 0, gives:

25¢,€5% + 25¢,e75% — 25(c %% + 7)) = 0

25c,e%% + 25¢c,e %% — 25¢,e%% + 25¢c,e ¥ = 0
0=0

—-5x

Ly = CleSx + cye is a solution of y"' — 25y = 0

\ )
Y

General Solution

i ) Find the value of ¢ which makes y = e*a solution of DE:

y'"+5y'+6y=0

) Sqution\,,

Differentiating y twice with respect to x, we get:

y' =ce“*andy" = c?e*

Substituting y,y’ and y"' in the DE y" + 5y’ 4+ 6y = 0, gives:




c?e® + 5ce® + 6e“* =0

e*(c?+5¢c+6)=0->e* %0

c?+5¢+6=0

- (c+2)(c+3)=0

Eitherc=—-2 s y=e"2¥ 5472 — 10e ™ 2* + 6e™2* =0 v
Orc=-3->y=e"3%59e73% - 1573 + 6e™3* =0 v/

Both —2 and —3 makes y = e“* a solution of y"' + 5y’ + 6y =0

m Verify that y = Ae ™ + Be~?* is a solution of the DE;:

y'+3y'+2y=0

) Sqution)

Differentiating y twice with respect to x, we get:
y' = —Ae ™ — 2Be™%*
y'" = Ae™™ + 4Be™%*
Substituting y,y’ and y" in the DE y"' + 3y’ + 2y = 0, gives:
Ae ™™ + 4Be ?* + 3(—Ae ™ — 2Be™?*) + 2(Ae ™™ + Be™?*) = 0
Ae™* + 4Be %* —34e ™ — 6Be™?* + 24e™* + 2Be ™ ** =0
3Ae™* —3Ae™* + 6Be™** — 6Be ™ ** = (

0=0

~y = Ae * + Be~?* is a solution of y"" + 5y’ + 6y =0




REVIEW OF DIFFERENTIATION

Rules

d
1. Constant: —c¢=0
onstan dxc

3. Sum: %[f(x) + gx)l=f(x)+ g'(x)
d flx) _ g)f (%)~ flx)g'(x)

5. Quotient:

2. Constant Multiple: %cf(x) =cf"(x)

dx g(x)

7. Power: dix” =nx" !

X

Functions
Trigonometric:
d .
9. —sinx=cosx
dx

d 2
12. —cotx=—csc” x
dx

Inverse trigonometric:

15. isin_1 x= 1
dx 1-«2
18. icot_1 x=- 1
dx 1+ x2
Hyperbolic:

21. %sinhx =coshx

d 2
24. —coth x = —csch
x x
Inverse hyperbolic:

27. isinh’1 x=
dx

30. dicoth’l x= 1

X 1-x?
Exponential:
d
33. —e* =¢e"
dx

Logarithmic:
d 1
35. —In|x|==

[g(x)

4. Product: %f(x)g(x) =f(x)g’(x) + g(x)f'(x)

6. Chain: %f(g(x)) =f"(g(x)g’(x)

8. Power: %[g(x)]" =nlgx)" g’ (x)

d .

10. —cosx=-sinx
dx

13. —secx =secxtanx
dx

16. icos_1 xX=-
dx 1-«2

19. isec_1

1
dx x_|x|\/x2—1

22. icosh x =sinh x
dx

25. i sech x = —sech x tanh x
dx

28. icosh’1 x= 1
dx x2-1
31. isechf1 x=- 1
xv1l— a2
d

34. —b*=b"(nbd
dx (nb)

d
36. alogb x=

x(Inb)

d 2
11. —tanx =sec” x
dx
14. —cscx=-cscxcotx
dx
17. Ltantg=—1 5
dx 1+x
d a 1
20. —cs¢ X =——F———
dx |x|\/x2—1
23 itanhx—sech2x
" dx
26 icschx——cschxcothx
T dx
29. itanh’lxz 1
dx 1-x2
32. icsch ly=— 1
dx |x| x2+1



BRIEF TABLE OF INTEGRALS

n+l .
1. J.u"duzu +C,n#-1 %, la’u:ln|u|+C
n+l Ju
3. J.e" du=e"+C 4. |a" du:La"JrC
J Ina
5. J-sinuduz—cos u+C 6. |cosudu=sinu+C
7. J.seczudu:tanquC 8. |cscudu=-cotu+C
9. jsec utan u du =sec u+C 10. Jcsc ucot udu =—cscu+C
11. jtan udu:—1n|cos u|+C 12. Icotudu:1n|sin u|+C
13. J-sec udu:1n|secu+tan u|+C 14. Icsc udu:1n|csc u —cot u|+C
15. J-u sin udu =sin u—ucos u+C 16. Iu cos udu =cos u+ usin u+C
17. |sin’ udu=Lu—1sin 2u + C 18. IcosQudu:%u+%sin 2u+C
19. |tan*udu=tanu—u+C 20. J.cotzudu:—cotu—quC
21. sin3udu:—%(2+sin2u)cosu +C 22. J.cos3udu:§(2+coszu)sinu +C
23. | tanudu = %tan2 u+ 1n|cos u| +C 24. J.cot3 udu = —%cot2 u— ln|sin u| +C
25. J.sec3udu =Lsecutanu +%1n|secu+tanu|+C 26. J.csc3udu = —Jcscucotu +%ln|cscu—cotu|+C
27. J.sin aucos budu = Ein(Gibl - Ein(GEiD): 28. jcos aucos budu = Sin(GiaD) e GLID):
2(a—b) 2(a+Db) 2(a-b) 2(a+b)
29. Ie‘”‘ sin bu du = ——— (asin bu —bcos bu)+C 30. je‘"‘ cos budu = ——— (acos bu +bsin bu)+C
a +b a +b
31. J-sinh udu =cosh u+C 33 Icoshuduzsinhu—i—C
33. J-sechz udu =tanh u+C 34. jcschz udu=-cothu+C
35. J.tanh u du =In(cosh u)+C 36. Icoth udu = 1n|sinh u|+C
37. |lmudu=ulnu—-u+C 38. J.uln udu:%uzlnu—%u2+C
[ 1 _u 1 B 2 2
39. ] ﬁdu =sin ;-ﬁ-C 40. Iﬁdu =Infu++a* +u’|+C
a” —u a +u
- 2 2
41. a® —u? alu:%\/az—u2 +%sin’lz+C 42. J.«la2+u2 du:%qlal—%uz +a7ln u+1/a2+u2 +C
J a
13 [ au=LenLsc 14 I NLINP W B Lo P
Ja +u a a a —u 2a |a-u

Note: Some techniques of integration, such as integration by parts and partial fractions, are
reviewed in the Student Resource and Solutions Manual that accompanies this text.



TABLE OF LAPLACE TRANSFORMS

f@ LD} = F(s) f@® LD} = F(s)
1 . k
1. 1 3 20. e“ sinh kt m
2. ¢ i 21. e“ cosh kt —r
. 2 : (s —aP — kK
n! o . 2ks
3.t e N positive integer 22. tsin kt 2 + k22
2 _ 2
4. 12 o 23. L
t \/: 3. tcos kt @17
r 2ks?
12 : + =t
5.t 25 24. sin kt + kt cos kt &+ o7
o+ 1) ) 2K
b > . —
6. t P 1 25. sin kt — kt cos kt @+ 2P
) k . 2ks
7. sin kt EpnyT 26. tsinh kt m
K 2+ B
8. cos kt EpyE 27. tcosh kt m
2k2 et — ebt 1
9. sin® kt —_— 28. N
s (% + 4K a—b (s — a)(s — b)
2 4 2k2 ar _ b bt
10. cos kt S 29, 2 ¢ e
s(s2 + 4k%) a—b (s —a)(s — b)
1 K
11. 30. 1 — kt
e S—a cos s(s2 + k)
. k . B
12. sinh kt o 31. kt — sin kt m
K a sin bt — b sin at 1
13. h kt = W, - -
o s -k ab(@ — b) @+ A+ b
2Kk% cos bt — cos at s
14. sinhkr —_— 33, =2 A I S
s (52 — 42 @ — b &+ DE + )
52— 22 . . 2k
15. cosh?kt m 34. sin kt sinh kt S 1A
1 . k(s> + 2k%)
16. e m 35. sin kt cosh kt e Ak
! k(s> — 2K?
17. " ed! —(S —na)”“’ n a positive integer 36. cos kt sinh kt w
at o3 k S3
18. e sin kt m 37. cos kt cosh kt m
s —a 1
19. e“'cos kt — 38. Jo(kt _
e” cos (s — a)2 T kz 0( ) m
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Examples: Solve the following equation: d—z = Z?y

Do xdy = 2ydx :Jadl

dx X

o) E Yx o okl daudy 2y Gyl Juad

dy 2dx dx
@f j—@ —=2 s

X




= In|ly| =2In|x|+ C=>In|y|—2In|x| =C

Yy 4 4
= In |y| — In|x? |—C=;»lnx2 C=>F—C=>x—2—e'c

y = X E.'C (@hnl LJ_\LI C)
=)l wgSe e€ = ¢ SV eoldl Loyes Ul (Soug I
y = c1x*

Examples: Solve the following equation: (x + 1) % = x2(y2 + 1)

(x + Ddy = x2(y* + Ddx :0) @ dx 3 cdphall Gy :dall

i (0 + D? + 1) e cuphll Loy 2 cpyhll Juad

dy x%dx f dy f x%dx
—_— = —
y% +1 x+1

y2+1 x+1
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x+1

x— 1

x+1 x2
x4+ x

—X
e P |

1
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f""zdx=f(x—1+i dx

xr+1 x+1




v __ {5 —1—fdfd+fdx
:}J’yz—l—l_j(x_ +x—!—1) x=>tan "y = [ xdx X o~y

2
X
=>tan‘1y=?—x+1n|x+1|+6

2
X
ﬁy:tan(?—x+ln|x+1[+(,‘)

dy x-—xy°
dx x2y-—y

Examples: Solve the following equation:

dy _ x(1-y%) 2 . 2 '
dx  y(x2-1) = y(x Ddy = x(1 — y*)dx :Jd

ol @i (1 —y2) (0% — 1) e obplall andy 2 clyaiall Jucd

yay xdx f ydy f xdx
= =
1—y% x2-1 1 — y? x2—1

1 (—=2ydy 1 2xdx 1 1
J’ =—J.x2_1=>—51n]1—y2|=§1n|x2—1|+C




Examples:

sin?xcosydx +sinysecxdy =0

ol @ cosysecy de cpiyhll dandy 2y claial Jad 1Jsl

sin‘x siny siny
dx + dy=0=>fsin2xcosxdx+f dy =C
secx COS Y COS Y
et . )
sin®x —siny sin®x
= —f dy =C = —In|cosy|=C
3 cosy
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e E=f(x+}'}d:é‘y’=f[x+}'}*ﬂ$131

Z=X+yo=d 1
Al Apedlly dpa Gl 1SS 2

d
=1+
e

& | &

& | &

=1+f(z) 3
=t @1@%&@)531@;}355&1‘)&51&1@@543;3&31553&1@ 4

dz = (1+ f(z))dx




Examples:

2. 2

ix—[x—l—y}

Letz=x+y —}—=1+g
= L

tan"'z=x+c¢ - z =tan(x + )

x+y=tan(x + c)

cy=tan(x+c)—x




H.W:

e 2x(v+ 1)dx—ydy =0

o x*(1—y3)dx+y(1+x%)dy =0

e (y2+y)dx — (x* —x)dy =0
o L

* Y _-1+x

. y’ — XtV

e x*(y+1dx+vy*(x —1)dy =0

1—x2

1—y?2

.y":

e (1+vy3)dx+ (1+x%)dy =0
e (1+y9)dx—+vV1—x%2dy=0
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(1) (x?—xy+y>)dx—xydy=0
oyt dan dalatie Adeslal) daleadl :Jad)

y=vx =dy =vdx + xdv

: =i Aleall 8 s el
(x* — x(vx) + (vx)?)dx — x(vx)(vdx + xdv) = 0
= (x? — x%v+v?x?)dx — x*v(vdx + xdv) = 0
= (x% —x*v +vx® — x*v3)dx — x3vdv = 0
= x*(1 —v)dx — x°vdv =0
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dx % dx v
;S — — dv=0=‘,~f—+f dv=f0
X 1—v v—1

(v—1)+1
::»lnx—l—f —" dv—C:lnx+J‘dv+f

=C

v—1

>Inx+v+Injv-—1| :C::>lnx+%+ln|§—1|=c

2) xdy—(y++x2—y2)dx =0
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x(vdx + xdv) — (v:x: +/x2 — vzxz) dx =0

=Seaid 4 %odp — (vx 5 Jo 2. vz)) dx =0

= xvdx + x*dv — (vx + 24/ (1— vz)) dx =0

= xvdx + x%dv — vxdx — x+/1 —v2dx =0

2d il 2d 0 il i 0 I
==X — — v X = == — com
v1—-v2 X
dx

f i f 6= Sty — A8 =G
= — J— =0 S 8-t —Mx| =
V1 — v? X

= sin'l(%) —In|x| =C

H.W:

(1) (xy—y®)dx—x*dy =0
2) Q@xy+y?)dx —2x*dy =0
3) (2 +y*)dx —2xydy =0
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M(x,y)dx + N(x,y)dy = 0

oM dN
— = — Sl aafii.
dy ax 1

Adgeally 4 5Sie Al Aladll Ja -2
Ide+fndy=0
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fﬂdy+fmdx=ﬂ

Lyosdadl e g giag¥ Al Syas M A e e e A m O s



Example Solve the differential equation:
(yve* + 2x cosy)dx + (e* —cosy — x?siny)dy = 0
Solution:

M=ye‘+2:msy—r':—:=e’—21'siny

N=e’—msy—xisiny—r%=e’—2xsiny

aM _ N

dy dx
The differential equation is exact and the general solution is:

JMdx+ fndy =0
- [(ye* +2xcosy)dx+ [—cosydy =0

~ye* +x*cosy—siny+c=0




Example Solve the differential equation:
(e¥ + xsinxy):x—r +ysinxy=0
Solution: y sin xy dx + (e¥ + xsinxy)dy =0

M =ysinxy—r:—: = ycos xy.x + sin xy

= Xy COS Xy + sinxy

N =eY + xsinxy —r:—"=xmsxy-y+sinxy

o
= Xy cosxy +sinxy

a : : 5 . B
- N - £, The differential equation is exact and its solution is:

ay
Ide+fndy=D 4‘ —cosxy+e’ +c=0 l




¢ (x2+y¥dx + 2xydy =0
¢ (4x3y2 — 2xy)dx + (2x*y — x?)dy =0
¢ (3e3*y — 2x)dx + e3*dy =0
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Linear First - Order Differential Equations
Linear Differential Equation duiaind! Al Ll ASateadf ] TV
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0 2.+ Py =0l
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ay
e + P(x)y = Q(x)
Integrating Factor: e/ P(x)dx
Adpally G S Aghsll Al (a8

yefP(x)dx s J'efP(x)dx. 0(x)dx + ¢

;MQ%ngﬂéldMlyyMlJMI}b xﬁﬁdloﬁﬂh‘ej‘,




danally (o Aaladll Aliladdl Ja o\d

Example Solve the differential equation:

xy' — 2y —x3e¥ =
Solution:
y’—%y—xzex=0
ﬂ_z — 25X =—E — x2pX
-y =x"e , P(x) x,Q(x) xce
[ P(x)dx

Integrating Factor: e

2 dx
—dx -2 |— — -2 _ 1
efx —e fx=821nx=elnx x2_



x2

Y

x2

x2

Integrating Factor: e/ P(¥)dx

2 dx
ef_fdx = e_ZIT — e—ZIDX _ Inx

o

2 fxiz (x%eX¥)dx +c

= [e¥dx +c

Z=e+c-> y=xe"+cx?



Example Solve the differential equation:

Solution:

ef P(x)dx

=€

[ -2 ax

X

dy
x——ay=x+1
dx Y

dy a  x+1
dx xy_ X

x+1

P(x) =—=,Q(x) =~

X

—-a

_a [

— e x = e~ alnx — ,lnx

yefP(x)dx _ f efP(x)dx.Q(x) 1+



xa xa X
y o x+1
== mdx +c

—a+1 -a
— a |* X _I_ ]
= — c
[—a+1 a
x 1
= — =+ cx“
—a+1 a

¢ (x+ 1)%—1’1}/ =e*(x + PN

o (% +1)2+ 2xy = 4x?
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4
>C_O>C j“\

Solve the following initial value problem (IVP):

2C OC OC

d .
d—z+y=smx, y(m) =1

2C <

l Solution \ The above DE is linear, since

/

2C 2C

2+ P(x)y = Q(x)

P(x)=1, Q(x) = sinx

2C 2C OC OC

Integrating Factor; e/ P(¥)dx = ¢/ dx = ox

2C <

The solution of the DE is:

2C <

yefP(x)dx — fefP(x)de(x) dx + ¢

2C 2C OC

ye* = [e*sinxdx + ¢

2C <

[e*sinxdx =uv — [vdu = e*sinx — [ e*cosxdx
( )

C

>C

U =sinx dv = e*dx
du = cos x dx v=e*

2C _2C <

[e*cosxdx =e*cosx — [ —e*sinxdx

2C <

U = COSX dv = e*dx
du = —sinx dx v =e*

2C 2C OC

n [e*sinxdx = e*sinx — [e¥* cosx + [ e sinx dx]

2C 2<

=e*sinx —e*cosx — [ e* sinx dx

2C <

[e*sinxdx + [e*sinxdx = e*sinx — e* cos x

> OC

: : 1 . . 1
2 [e*sinxdx = e*sinx —e* cosx =ze*sinx —-e*cosx

2C OC OC

1 : 1
ye* =Ee" smx—ze"cosx+c

2C

X

2C

1, . _
y =E(smx—cosx) + ce

> OC

Now, y(m) =1->1= %(sinn —cosm) +ce™™

2C _OC OC
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DIC S
23

4
DEDLC
3

2C

1=2+4ce™
2

4

2>C

1 _ 1
-—=ce ">c=-¢
2 2

C

—-X

2>C

y =%(sinx—cosx) +%e”e

m—X

C

oy =%(sinx—cosx) +%e

Find the general solution of the DE:

C

(y — 2xy — x?)dx + x?dy = 0

2C

2C

The above DE is linear, since

((1—2x)y—x2)+x2%= 0

2 4y _ D
X dx+(1 2x)y—x“ =0

2 4y _ )
xdx+(1 2x)y = x

— =1
dx + x? {
{
(1-2x) - )
P( ) - 2 ) Q(x) = )
[(E=ZIPN f(i—z)dx 1 -t j
Integrating Factor: el P(X)dx — o) 2 =e' W 3" = —ex

X {
{

12 _ 1 1 1
f(—z——)dx=fx 2dx—2[=dx=—-=—-2Inx = —=—Inx? <
X X X X X /
__1_1nx2 _l 2 _l -2 _l _l \
ex — e xe~INX* — oTxpnxT — 42, v= e )

2C O

The solution of the DE is:

>C <

yefP(x)dx — J‘efP(x)de(x) dx + ¢

2C OC OC
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2

e *+cx

2

ye *=x

1

ex

x% + cx?

.’.y =

Solve the following IVP:

1
2

2

y=x2—-x+1, y(1)

X

da
z +

dx

2
e2lnx — olnx

2
x

—
|_|
8
_
(V]
8

,m Il
—

)

(o -

m -

— N R

@«

E Yo

A

[} a

S

o

R

(q0]

[«D]

=

Sl

dx
ef =

Integrating Factor; e/ P(*)dx

The solution of the DE is:

yefP(x)dx — fefP(x)de(x) dx + ¢

[x?(x*—x+1Ddx+c

2=

yXx

f(x*=x®+x*)dx+c
_I_
o
3

2=
yx* =
y

yXx

Ol

| m

— | <

|

| N

Al Y

Now, y(1)

+C

17
60

13
60x2

™
[«5)
(=2
]
o
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15.¢)nl0 2 Find the solution of the following DE:

!

y +

1
y=3

xInx

The above DE is linear, since

1 1
PG)=——, Q(x) =1
1
f L I(ﬁ) In(1
Integrating Factor:; el P(dx = olaxmz™ = ¢ = en(nx) = |nx

The solution of the DE is:

yefP(x)dx — fefP(x)de(x) dx + ¢

ylnx = f%lnxdx+c

ylnx=%flnxdx+c

[Inxdx =uv— [vdu
=xInx — [dx
=xlnx—x

u=Ilnx dv=dx

1
du=;dx v=X

ylnx=%(xlnx—x)+c

=305 i
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P H Jalaa
The Equation of Bernoulli
: oA Alalaall Aalall dagpeall
dy . n
1) Z+P@y=Q@)y

X M\MEMJ‘}JP(}C)’Q()C)jé:\gaddcnd\&:\;
Aalll) ol pladll ddas ) el ead (S g 3\,.\}4;‘2‘;&» (1) adalzall

(Q(X) L.‘A\-&Au-euahl\) y_n_gz\hbud\ @)J"u)*‘”-l

2 vy 24Pyt = Q(x)

dx




O g8 -2
p =y~
av _ —n ay 1 dv _  _ndy
dx ( n+ 1))’ dx - (—n+1) dx =Y dx

(2) slaa b (a 5ai -3

1 dv
(—n+1) dx

+ P(x)v = Q(x)

;é&d@(—n+1)eﬁd@\&ﬁg)@_4

Z 4 (—n+ PV = (—n + DQ(x)

Jalsall Jale alazinls Jas dudadl) dlsbadl) o3
/




e

-

sAaa e

™~

IS Aalaall S () Jaiuall 5oy priall g aainall sa x paaiall o S Alls

ot PO = Q)"

Example Solve the differential equation:

ay 1. _ 2.6
_ dx+xy_xy
Solution:
_g dy 1 _
y 6;4‘;}/ > = x? .. (%)
_ -5 _ 4dv __ - _gdy
Letv =y > = 5y -
_lav _ o _edy

5dx y dx
Substitute In (*)




L _ 3y = —5x2
dx x
P(x) = —,Q(x) = —5x7
Integrating Factor: eJ ?()dx
ef—%dx — e—5f% — e 5lnx _ plnx™> _

vel POAx — [ o[ POIx 0 (x)dx + ¢
% = fx—15 (—5x%)dx + ¢
v =x5[[=5x73dx + |
v=x5[—ix‘2+c] > v=2x3+ xS
-2 2

5 5
Tv=yT oy =ox% 4 ex®



g

Example Solve the differential equation:

dy b -1
—_— o 2
dx T 1—x2 Y xy
Solution:
1 3
=~ dy X 2 s
2 2 =
Y dx 1—x2y ( )
3 1
= dv 3 =d
letv =y2 > — = - =t
dx 2 dx
2 dv 1 dy
—__ 2 —
3dx y dx
Substitute In (*)
2dv X
- V=X
3dx 1—x2
dv 3 X
— — V=-X

\ dx 21-—x2




3x

P(x) = Q(x) =3

2(1-x2) "’

3x 3
— 2 dx _ 3 —2xdx 3 2 _2
ol P(dx _ ef2(1—x2) — e 257 = e 2 In(1-x%) _ pln(1-x2) 4

= (-9 = —

(1-x2)4

pel P(Idx — fefp(x)dx. Q(x)dx + ¢

L = [——=ixdx +c
(1-x2)4 (1-x2)4

3T -3
v=(1-—x%) f%(l—xz)T.xdx+c]

v=(1- xz)% _—%f —2x(1 — xz)_Tde + c]
. _




/ 1
e s

= (1-— xz)z[—3(1 — Xz)i +cf
=(1-x)+c(1- Xz)%

3 3 3

vv=yro yr=(1-x")+c(l—-x*)s

H.W.

ay — 11,3
dx+2xy—xy
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@ Solve the following IVP:

6y’ — 2y = xy*, y(0) = -2

@Putﬁng the DE in standard form of Bernoulli equation:

Dividing both sides by y* gives,

Letv =y~3

dv
- — =

dx

dy 1 1 4

—_—— — =_x

dx By 6 y

_ady 1 _ 1

4___y 3=_x

dx 3 6

—4 Yy _ldv_ e dy

dx 3dx dx

Substituting into the differential equation gives,

Integrating Factor: e

y(0)=-2-

1
(-2)3

1

P(x) =1, Q(x) = —5x

Jax — px

-1
ve* = [e*—xdx+c
2

ve* = —%fxex dx + ¢ (Integration by table)

vex=—%(xex—ex)+c

V=Y 3 1 —x

>y =—E(x—1)+ce
=—20-1)+ce®>—=>4coc=—2

2 8 2 8

3= _ Ll 1) _2,x
sy =—c(-1)—ce

Page 1 of 2

[ SOSOSOSOSOSOSOSOSOSOSOSOSOSOSOSOSUSOSOSOSOSOSUSUSSOSOSOSCSCSOSOSOSOSOSOSOSOSOSOSOSOSCSOSOSOSOSOSOSOSOSOSOSOSOSUSCSOSOSOSOSOSCSCSOSOS030R(



| SOSOSUSUSOSOSOSOSUSOSOSOSOSOSOSOSUSUSOSOSOSOSOSUSCOSOSOSOSUSOSOSOSOSOSUSUSOSOSOSOSOSUSUSOSCSOSOSOSOSOSOSOSOSOSOSUSOSOSOSOSOSUSCSOS0OsOs0R0R(

@ Solve the following IVP:

y' =5y +e "y %, y(0) = 2

oy _ — ,—2X,,—2
——oy=e 7y
Dividing both sides by y 2 gives,
dy —
yZa _ 5y3 =e 2x
— 3 W _ g 24y S ldv_ 5 dy
Letv_y _)dx_3y dx_)3dx_y dx

Substituting into the differential equation gives,

1dv —
S— —5Sp=e %
3dx

Multiplying both sides by 3, to get the linear DE:
& 15v = 3e7%*
dx
P(x) = —15, Q(x) = 3e™%*

J-15dx — p—15x

Integrating Factor: e
ve 15% = [715% 372X dx + ¢

ve 15 = 2 [ _17¢ 1% gy 4 ¢
17

— 3 _
ve 15x=__e 17x+c
17
3 _
v=cele__e 2x
17
v=y3 3
=>y3 — Cele __e—Zx
17
3 3 139
y0)=2->2)>=ce®—=e’>8=c—=>o5c=-—=
17 17 17

139 3 _
y3 — ele — e 2x
17 17

Page 2 of 2

@Putting the DE in standard form of Bernoulli equation:
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LINEAR EQUATIONS OF SECOND ORDER WITH
CONSTANT COEFFICIENTS
P A8 O Ml 0l g 4lll) 4 ) e dciladiel) Aadasdd) Adaleall dalall A2l
(A) ay'"+by +cy=0

Cigu g = 08NN g #0 sl g, b, c O s

b AN e Al s




AUl Gl shadll Leda Sy 5 dplas (A) Aalall
zual (A) Aaladdl Jlé eMX= g o)) (ia s
am?e™ + bme™* + ce™ = (
(SHLS s m A 2 ) sy = ™ Jall aas S
(am? + bm + ¢)e™ =
Odade sx € RIS e™¥ 3 ( 4wsd) Al
(*) am*+bm+c=0

samie &g (Auxiliary Equation) 5 paall ddaleall e (*) aalaall
sl Lela Sy 5 400l da ol (e 3 50a




__ —bxVb?-4ac

2a

m

Vb2 — dac xeadl Hlaaad) e e WL Aalaadl | 3al caWia G Wal oY)

@ h% —dac >0 OS]

—b+Vb2-4ac —b—Vb2%—-4ac
my = 2a y M2 = 2a
Sl dall s g

y = c1e™* + cye™2?

Example Solve the following differential equation:

yII _ Syl + 6y — O (*)




Solution:

Lety = e™ > 9" = me™ ,y"" = m2e™
Substitute In (*)

m?e™* — 5me™* + 6e™* =
- (m?-5m+6)=0, e™ 0Vx €ER
->m?—5m+6=0

(m—-2)(m—-—3)=0->m=2, m=23

y = cie?* + ¢ e3*




@ h?% —dac = 0 oS 132

-b
mqy =m, = _Za
:;: :. ~ d ‘ OJ ~"9

y =cie™ 4+ coxe™

y = (€1 + czx)e™

Example Solve the following differential equation:

y'=2y'+y=0

Solution:

Lety = e™¥ > y' = me™ ,y"" = m2e™




Solution:

Lety = e™ > y' = me™ ,y" = m?e™

Substitute in the above equation

m?e™ — 2me™* + e™¥ =
> (m?=-2m+1De™ =0, e™ #£0Vx€eER
-m?*—-2m+1=0
- (m-1)72%=0

--m=1m=1

wy = (cq + cpx)e”




1O (i 138 9 A8 yie Apdie Hdamy, M, B h% — dac < 0 Q8133
m=a+if,m,=a—if
AL dall g sSa
y = e**|Acos fx + B sin x|

Example Solve the following differential equation:

y" +k?y =0

Solution:

Lety = e™ > 9" = me™ ,y"" = m?e™

Substitute In the above equation

mée™* + kZe™* = (




- (m? +k?)e™ =0, e™ £ 0Vx € R
>m2+k:P=0-m2=—-k?->m=+V—-k2=+JV-1k
--m=+ik, a=0&0F =k

~y = e*|Acos fx + B sin fx]

y = Acoskx + B sinkx
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/—I Beinllcil Solve the following DE:

y"'—6y"+5y=0

Solution: Linear 2nd-order DE with constant coefficients. Let y = ™,

then y' = me™* and y’ = m?e™*and
m?e™ — 6me™* + 5e™* = ()
(m? —6m + 5)e™ =0

The auxiliary equation is

m?—6m+5=0
The roots are real and distinct:

m=1 m,=5
Then the solution is

y = ce* + c,e*

/1 B¢l WA Find the general solution of DE:

y'—6y"+9y =0

Solution: Linear 2nd-order DE with constant coefficients. Let y = ™,

then y’ = me™* and y" = m?e™* and
m2e™* — 6me™* + 9e™* = ()
(m? —6m + 9)e™ =0
The auxiliary equation is

m2—6m+9=0

| SOSOSUSUSOSOSOSOSUSOSOSOSOSOSOSOSUSUSOSOSOSOSOSUSCOSOSOSOSUSOSOSOSOSOSUSUSOSOSOSOSOSUSUSOSCSOSOSOSOSOSOSOSOSOSOSUSOSOSOSOSOSUSCSOS0OsOs0R0R(
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The roots are real and repeated:
mqy =m, = 3
Then the solution is

y = (c1 + cx)e”

/-I W Find the general solution of DE:

y'—4y'+5y=0

Solution: Linear 2nd-order DE with constant coefficients. Let y = e,

then y' = me™* and y”’ = m?e™*and
m2e™* — 4me™* + 5e™* = ()
(m? —4m + 5)e™ =0
The auxiliary equation is
m?—4m+5=0
The roots are complex conjugated:

__ —b+yb?—4ac _ 4+,/16-20 _ 4+2i
2a 2 -

=2+i»a=2 f=1

Then the solution is

y = c,e?* cosx + c,e?* sinx

Page 2 of 2
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m Solve the following DE:

yll _ 4y/ _ 12y — 3€5x (*)

Solution: Nonhomogeneous Linear 2nd-order DE with constant
coefficients. Taking its corresponding homogeneous DE:

y'—4y' =12y =0
Lety = e™*,theny’ = me™* and y"” = m?e™*and
m?e™* — 4me™* — 12e™* = 0
(m? —4m —12)e™ =0
The auxiliary equation is
m? — 4m — 12
The roots are real and distinct:
my = -2, my
Then the solution is
Ve(x) = c,e”?* + c,e%*
Let y,(x) = Ae>*, then
v, = 54e>*,y, = 25Ae>*
Substitute in (¥) y, — 4y, — 12y, = 3e>* we get:
254e°* — 4(5Ae°%) — 12(Ae>*) = 3e5*
254e°* — 20Ae>* — 124e>* = 3e>*
~7Ae%* = 3¢5 > ~TA=3 > A= >
5x

3
_)yp(x) = —z€

Page 1 of 5
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5x

— 3
2 y(x) = y.(x) + Yp(x) = (1€ X 4 C286x - ;e

m Find the general solution of DE:

y" —4y" — 12y = sin 2x ()

Solution: Nonhomogeneous linear 2nd-order DE with constant
coefficients. From the previous example, the general solution of the
corresponding homogeneous DE y,.(x) is:

ye(x) = ¢y + cye®
Let y,(x) = Acos2x + B sin 2x, then
yz', = —2Asin2x + 2B cos 2x, yI;' = —4A cos 2x — 4B sin 2x
Substitute in (*) yz',' - 43’1’: — 12y, = sin 2x we get:
—4Acos2x — 4B sin2x — 4(—2Asin 2x + 2B cos 2x) — 12(A cos 2x
+ B sin 2x) = sin 2x

—4A cos2x — 4B sin 2x + 8Asin 2x — 8B cos 2x — 12A cos 2x

—12B sin 2x = sin 2x
(—16A — 8B) cos 2x + (84 — 16B) sin 2x = sin 2x
—16A—-8B=0-> B =-2A

BA—16B=1-84A+32A=1-40A=1

1
A=— ,B=——
40 20

1 1 .
- Yp(x) = 75 cos 2x — g Sin 2x
Then the solution of the given nonhomogeneous DE is

Ly(x) = y.(x) + yp(x) = cie”? 4 %% + 4—10cos 2x — Z—IOSin 2x
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m Find the general solution of DE:

y' —4y — 12y =2x3 —x+3 ™

Solution: Nonhomogeneous linear 2nd-order DE with constant
coefficients. From example (1), the general solution of the corresponding
homogeneous DE y.(x) is:

V.(x) = cie™* + c,e®*
Let y,(x) = Ax® + Bx? + Cx + D, then
v, =3Ax*+2Bx+C, y, =6Ax+2B

Substitute in (*) y, — 4y, — 12y, = 2x3 — x + 3 we get:

6Ax + 2B — 4(3Ax? + 2Bx + C) — 12(Ax® + Bx* + Cx + D) = 2x3
-x+3

6Ax + 2B — 12Ax? — 8Bx — 4C — 12Ax3 — 12Bx? — 12Cx — 12D = 2x3
-x+3

—124x3 4 (=124 — 12B)x? + (6A — 8B — 12C)x + (2B — 4C — 12D) =

2x3 —x+3

~12A=2->A=—-

—12A—1ZB=0—>B=%

6A—8B—-12C=-1-C=—=

2B-4C—-12D=3>D=—-

1 5

1 1
S yp(x) =—zx®+oxf—cx——
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Then the solution of the given nonhomogeneous DE is

. y(x) — yc(x) + yp(x) — Cle_zx + Cze6x _%x3 +%x2

7 Find the general solution of DE:

y'—4y' =12y =6 ™)

Solution: Nonhomogeneous linear 2nd-order DE with constant

coefficients. From example (1), the general solution of the corresponding
homogeneous DE y,.(x) is:

y.(x) = c,e™%* + c,e*

Let y,(x) = A, then

Substitute in (*) yz',' -~ 43’1’7 — 12y, = 6 we get:
0—-4(0)—124A=6

~124=6->A=—-

1
- Yp(x) = =3

Then the solution of the given nonhomogeneous DE is

- 1
Sy(x) =y(x) + )’p(x) = 1€ 2 & Cze6x —3

m Find the general solution of DE:

y// _ 6y/ + 9y — €3x (*)

Solution: Nonhomogeneous linear 2nd-order DE with constant
coefficients. The general solution of the corresponding homogeneous DE
y" —6y'+9y =0is:
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V. (x) = ¢ e3* + c,xe3*

If we assume y,(x) = Ae>*, then will get a duplication with first term of
Ve (%).
If we assume y, (x) = Axe>*, then will get a duplication with second term
of y.(x).
The right assumption is y, (x) = Ax%e3*
y, = 3Ax%e3* + 2Axe?*
V, = 9Ax?e3 + 6Axe> + 6Axe> + 24e®*
= 9Ax%e3* + 12Axe3* + 24e3*
Substitute in (¥) ¥, — 6y, + 9y, = e**we get:
9Ax?e3 + 12Axe3* + 24e3 — 6(3Ax2e3* + 2Axe®*) + 9Ax?e?* = ¢3*
9Ax%e3* + 12Axe3* + 2Ae3* — 18Ax%e3* — 12Axe3* + 9Ax%e3* = 3%

243 = e 5 24=1-A="
- Yp(x) = 5 x%e
Then the solution of the given nonhomogeneous DE is

Ly(x) = Y. (x) + yp(x) = c13* + c,xe> + %xze“
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